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Article history: In this study, a hybrid boundary-finite element approach is proposed for solving

Received: nonhomogeneous soil freezing models, including internal inclusions. In this regard, by dividing
November 2025 the nonhomogeneous model into homogeneous parts and applying the hybrid element approach
Revised: to each part, the resultant equations are combined using the continuity and consistency
iggg;?erg:m% conditions at the interface boundaries. After introducing the discretized form of the equations
April 2026 using hybrid element approach, the implementation is carried out in a computer code and

verified by solving several classic examples. Finally, a parametric study is conducted in which
a soil layer containing circular and square-shaped inclusions is modeled using the proposed

SKS%V;I:?’L(;;I‘] method, and the effects of freezing pipes placement, inclusion geometry, and soil properties on

Undergroun?j Inclusion the f_reezir?g growth_perfor_mance_ are (_evaluated. Thg results showed thaF the freezing pipe

Hybrid Solver configuration, combined with the inclusion geometry installed outside the inclusion, provided

EAOUQdSW-Finite Element more uniform and optimal freezing results in comparison to other configurations make it
etho

suitable for stabilizing underground tunnel walls in a nonhomogeneous soil layer.

1. Introduction
Joudieh et al. (2024) examined how overburden pressure
affects ice lens growth limitation during artificial freeze-
thaw cycles in soils [5]. The study concluded that most soil
properties, including density, porosity, and hydraulic
conductivity, undergo significant changes during freeze-
thaw cycles. Recently, the use of cold gas injection for rapid
soil freezing was explained by Liu et al. (2020) and results
of laboratory experiments for the range and the rate of
freezing are presented in this work [6]. Despite their
consistency with the physical nature of soil freezing and
their ability to provide highly accurate results, in-situ
methods are relatively expensive to implement and require
experienced technicians and advanced equipment in
practice. On the other hand, mathematical modeling and
numerical methods can serve as complementary tools to in-
situ approaches, enhancing efficiency while reducing
implementation challenges [7]. Zhou et al. (2014) explained
the application of the finite element method for solving a
three-phase model consist of the soil particles, liquid water
* Corresponding author: Department of Engineering, Faculty of Civil and ice lenses [8]. Alzoubi et al. (2020) conducted a
Engineering, ~ University of  Zanjan, ~ Zanjan, Iran. Email: comprehensive review of artificial soil freezing modelling
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studies, with particular emphasis on soil thermal and

* Department of Engineering, Faculty of Civil Engineering, University of
Zanjan, Zanjan, lran.

Soil freezing is a well-known soil improvement technique,
especially for temporarily stabilizing slopes, tunnel walls, or
creating temporary retaining walls [1]. In practice, the
effectiveness of this method largely depends on the available
freezing techniques and the soil's behavior under freezing
conditions. However, the initial soil conditions such as
geometry, layering, material properties, and the presence of
underground inclusions, are the most important parameters
affecting the quality of the freezing process [2]. Due to the
complex behavior of soil under freezing conditions, most
studies recommend experimental and in-situ approaches as
the most accurate methods for evaluating soil freezing in the
field. Casini et al. (2016) proposed a constitutive effective
stress model for artificial ground freezing. They validated
the model by combining in-situ measurements and
experimental results from natural volcanic ash samples
collected during construction of the Napoli underground
tunnel [3]. Hu et al. (2018) presented procedures for the study,
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hydraulic properties during the freezing process. Their
analysis revealed that both analytical and experimental
studies in artificial ground freezing remain limited,
indicating substantial opportunities for future research in
this field [9]. Ren et al. (2023) developed a machine learning
approach using a GA-BP neural network to estimate
unfrozen water content in soils during artificial freezing. The
technique was subsequently integrated into a numerical
model, and the results were validated against laboratory test
data [10]. Williams et al. (2024) developed a poroelastic
model and numerical solution to examine ice lens formation
and its impact on freezing performance during underground
structure construction [11].

Numerical models such as finite element and finite
difference methods are classified as volumetric approaches,
requiring the discretization of the entire model domain. In
contrast, the boundary element method only requires the
discretization of the model boundaries, significantly
reducing computational time through fewer implemented
elements. Combining the features of volumetric and
boundary methods, the hybrid boundary-finite element
approach can be developed, by which the boundaries of the
model are discretized with boundary elements and the
domain of the model is discretized using a limited number
of finite elements providing more accurate results [12]. In
this study, the use of the boundary-finite element method
(hybrid element method) is extended to solve the dynamic
heat transfer equation. The method is applied to model soil
freezing in a layered soil system, incorporating non-
homogeneities and inclusions. In this regard, the process of
applying the continuity and consistency conditions at the
interface boundaries between adjacent layers is explained,
and the required formulation for this purpose is derived.
After validating the developed method with available
analytical and semi-analytical solutions, an artificially
frozen soil layer including circular and square-shaped
underground inclusions are modeled and the effects of
inclusion geometry, freezing pipe placement and soil
properties on the freezing performance are evaluated. The
results demonstrate that the proposed hybrid approach can
effectively model artificial soil freezing processes under
various complex conditions.

2. Methods

The main purpose of this study is to introduce a hybrid
boundary—finite element approach for solving general
heat-transfer equations and to use it as a tool for modeling
freezing in an inhomogeneous soil medium containing
underground inclusions. The flowchart of the research
procedure is shown in Fig.1.
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2.1. Boundary-Finite Element Method

In this section, using the weighted residual method, the
heat-transfer equation is converted into its hybrid boundary—
finite element form. By discretizing this formulation, a
solvable form of the heat-transfer equation is obtained.
For a two-dimensional domain, the heat conduction
equation, accounting for latent heat of fusion, can be
expressed based on Fourier’s law [13, 25] as follows:
< Vk,VT > Oess(T) OT

Kk Pk ot @
in which k(x,y,t) , o.7(T) and p are the thermal
conductivity, effective specific heat capacity and density,
respectively and T is the temperature distribution as a
function of time (t) inside the domain Q(x,y). In Eq.1, V
denotes the gradient operator and < x,y > represents the
inner product. It should be noted that Eq.1 does not account
for the effects of cryosuction, frost heave, or groundwater
flow.
The effective specific heat capacity is a temperature-
dependent quantity defined as follows:

V2T +

Ops T <T; — AT
L O, + O,
0, ¢(T ={— s T -1, < AT 2
eff() AT 2 | f| ()
o, T > Ty + AT

In this equation, L is the latent heat of fusion and T is the
freezing temperature. The parameter AT defines the
transition range over which phase change occurs. When the
temperature exceeds Ty + AT, o, represents the specific
heat capacity of the unfrozen (saturated) soil; when the
temperature falls below Ty — AT, o, corresponds to that of
the frozen soil. Within the interval | T — T I< AT, the
specific heat capacity varies as a function of L to account for
the latent heat release [25]. To avoid nonlinear
complications introduced by the temperature-dependent g,
the effective specific heat can be treated as a discrete
function of temperature in the numerical scheme. This
allows the governing equation to be solved separately in
each thermal phase, effectively reducing it to a standard
conduction equation within each defined temperature range.
Using the concept of the weighted residual method and
multiplying the time-independent fundamental solutions of
the static state as the weight function on both sides of the
equation then integrating the resultant equations along the
whole analysis domain (), the following equation can be
obtained:

<VkVT>

f[ 0eff(T) aT _

k(x y,t) ot

].T*(E,n,x,y) da=0 3)
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Fig. 1. Flowchart of the research procedure

where, T*(&¢,n,x,y), is the fundamental solution
representing the temperature value of a point (x, y) due to
the temperature gradient applied at the point (&, 7). In this
equation, dQ denotes differential domain of the analysis.
Applying Beti’s Reciprocal theorem [14] and simplifying
the resultant integrals, the following equation can be
obtained:

{fq* (fﬁl:x»y)TdF _}
ciTE ) +1°" =
[ T*(§n,x,y).qdl J
T
[ f Geff(T)T*(E'n!x!y) a_T
P k "ot

Q

<VKVT >
fTT & m,x,) dO
Q

inwhich T(x,y,t) and q(x, y, t) represents the temperature
and temperature gradient (¢ = 8T /dn, n: outward normal
vector to the domain boundary) at point (x,y) and time t,
while T* and g* denote the fundamental solutions for
temperature and temperature gradient, respectively, within
the domain Q bounded by the boundary T'" which can be
presented as follows [14, 16,17]:

an-|

1
=—1
o -+ -7 ®)

=t [(x = &)ne + & =)y ] ©

2mr?

*

where r = J(x —&)2 + (y —n)? is the distance between
points (x,y) and (¢,n), and n, and n, are the components
of the outward normal vector to the domain boundary. In
Eq.4, ¢! is a constant equal to 1 for internal points and 0.5
for straight boundary elements. For other cases, it can be
calculated using the rigid body movement method, as
described by Brebbia and Dominguez (1992) [14] and
Partridge et al. (1992) [16]. For solving Eq.4, it is assumed
that the domain is discretized with NI number of three-node
(triangle) elements. The temperature distribution across each
element can be estimated as follows:

3
T(x,y) = Z fi (e, YT (7
i=1

in which T¢(x,y), is the temperature across the element e
and T; is the temperature at each element node. In this
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equation f;(x,y), is the shape function which can be
calculated by the following:

i = X2¥3 — X3Y2 + (V2 — ¥3)x — (X — x3)y
LT Xy, — X0y — X1Y3 + X3Y1 + X3 — X3Y,

f = X3y1 — X1Y3 — 1 — y3)x + (g — x3)y ®)
27 X0y2 — XoY1 — X1Y3 + X3V + XpY3 — X3Y,

£ = x1Y2 — %21 + (71 — y2)x — (g — x3)y
=

X1Y2 = X2¥Y1 — X1¥Y3 t X3YV1 + X2Y3 — X3)2

where (x;, y;) are the coordinates of the vertex node i in the
three-node element. Since the boundary of the domain is
discretized with quadratic boundary elements, similar shape
functions can be used to discretize the domain boundaries
into boundary elements, where (x;,v;) represents the
coordinates of the ith boundary element node [15]. Upon
defining the triangular elements using Eq.7, the temperature
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gradient can be conveniently expressed as, VT¢ =
¥2 , Vfi(x,y)T;. For simplicity, we assume that Eq.4 is
applied within a single thermal phase, and the effective
specific heat . is treated as a temperature-independent
value, o in that phase. Substituting Eqg.7 into Eqg.4 and
discretizing the boundary and domain integrals using N and
N; elements, respectively, leads to the Eq.9, in which hk is
the kth shape function of the jth boundary element and can
be calculated by Eq.8 considering (x;,v;) as the boundary
node coordinates. If the thermal conductivity remains
constant within each phase, the gradient term Vk becomes
zero, and the last integral in Eg.9 drops out. Under this
condition, the matrix form of EQ.9 can be obtained by
arranging the field wvariables from all nodes into
corresponding vectors and constructing their associated
coefficient matrices, as shown in Eq.10.

j
NE 4
ciTi(E,n,t)+ZJq*(é’.n,x,y).[h{ h) hl] drl \ Z T Enxy). [ ko wildn|q)
=T Jj
UE!
T*(En,xy)
= UPZJ- k(x y,t) [flj fz f3 ] d‘Q‘i T2]_ (9)
T]
T]
T )X,
+Zf W [<ViVE > <VkVE > <Vk v >]da |1
T]
[ ct + Hy, Hy, Hyne) O] T
c? + Hy, Hy3nE) 0
| . . | TB
| : H H | 3NE
| Haneyn CNE+H(3NE)(3NE) 0] T1
[H(3NE+3IN)1 H(sng+31n)GNE) 1J T31N (3NE+3IN)x1
G11 Gy Gl(3NE)
Gaq Gas GZ(SNE)
- ' ' 10
Ginen 6(31\15)(31\15) (10)
: q3NE 3NEX1
_G(3NE+31N)1 G(3NE+31N)(3NE)
114 I 11(3NE+31N)
— 121 122 12(3NE+3IN) T3NE
_I(3NE+31N)1 I(3NE+31N)(3NE+31N)
T31N (BNE+3IN)X1
B I :
In Eq.10, T and T; represent the temperature at the ith f o, y). h[] ] dr[l]
boundary node and jth internal point, respectively, while g? (=2(-) s
denotes the temperature gradient at boundary node i. The o - f - ) h[3] i
elements of coefficient matrices Hy;, G;; and I;; can be v i oo y)h ) 4 (11)
calculated by applying numerical mtegratlon across each op ; i
boundary and domain elements as follows: Iy = 7f T (om0, 7). f( (d-2)) “H
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in which, [x] is the ceiling function; superscript for h and f,
denote the element number and subscript represents the

function number which can be selected as 1,2 or 3; H

represents both the element number for each shape function
and the subdomain number, €;;/3;. As shown in Eq.10, the

coefficient ¢! equals 1 for internal points and 0.5 for both
straight-connected boundary elements and middle nodes of
quadratic elements. For other boundary nodes, this value can
be calculated using the known angle 8 between two adjacent
boundary elements, using following equation [14, 16, 17]:

.6

L

¢t = (12)

Alternatively, the coefficient ¢ can be determined using the
rigid body movement method [14]. It is possible to represent
the Eqg.10 in a more compact form as follows:

[HI{T} + [G1{q} = [11{T} (13)

In which [H] , [G] and [I] represent coefficient matrices,
while {T}, {q} and {T} are vectors containing all nodal
variables from Eq.10. The final solvable form of equation
(Eg.13) can be obtained by discretizing the time axis into
NSTEP time steps of length At. Various methods, such as
the backward difference [18], Newmark-Beta [19], and
Houbolt [20] methods, have been proposed for this purpose.
However, after evaluating these approaches, the backward
difference method demonstrated greater stability and
accuracy compared to the others when solving Eq.13. The
backward difference discretization can be implemented as
follows:

. T —{r
(1), = e = (14)
in which {T},,a, and {T}, are the temperature values at
preceding time steps t + At and t, respectively. The hybrid
formulation presented in Eq.13 offers two main advantages
compared to the traditional Dual Reciprocity Boundary
Element Method (DRBEM) and conventional boundary-
finite element approaches. First, the use of higher-degree
internal elements in the proposed method significantly
reduces the number of internal points required in the
DRBEM. This allows complex problems to be modeled with
fewer internal points, improving computational efficiency.
Second, the new hybrid approach integrates boundary and
finite element concepts into a unified scheme. In contrast,
traditional boundary-finite element methods apply each
formulation separately to the model and combine the results
only at the final solution stage within a single matrix. The
proposed hybrid framework streamlines this process,
making it simpler to model complex geometries and physical
conditions.

2.2.  Freezing Model Around the Underground
Inclusions

Numerical Methods in Civil Engineering, 10-3 (2026) 25-41

Fig.2 presents a two-dimensional, underground inclusion
and pre-installed freezing pipes within a soil layer. Based on
this figure, extracting a solvable hybrid solution for this
model requires dividing the nonhomogeneous model into
two distinct homogeneous models. The first model consists
of the soil layer with an empty space, and the second model
considers a homogeneous inclusion with pre-installed
freezing pipes. Using the hybrid approach concept presented
in the previous section, the solvable matrix for the first
model can be expressed as follows:

[Ho HEer] {T;Zr}tler} +[Go  GieT] {qgt?er} (15)
= [Io){To}

in which T and qq are the temperature and temperature

gradient for the nodes inside the domain Q, and T;***" and

givter are the temperature and temperature gradient on the

interface boundary nodes, I'™*¢” of the domain. Hq, H3"e",

Go, GE*e™ and I, are the corresponding coefficient

matrices, which can be calculated using Eg.11 while
considering only domain Q of the first model. Similarly, for

the second model, the following equation can be obtained:

, Tq
[H.Q' Hn}ter] {Tin%er}
Qf
o e
= [Ig]{To'}

inter
!

I

In the above equation, all nodal variables can be defined
using the same formulation as in the first model, with the
only difference being that the analysis domain is now €'
Since temperature and flux distributions must be continuous
and consistent at the interface boundaries, respectively, the
following equation must be satisfied:

inter 0 (17)

{ Tfl).nter — T;{}ter
inter —
—kqqq - kﬂ’qQ’ =

where kg and kg, are the thermal conductivity of domains
Q and Q' respectively. Finally, by combining Eq.15, Eq.16
and Eq.17, the solvable form of the equations can be
presented as follows:

Hg_ H!ilnter 0 TQ.
[ 0 Hinter H /] Ténter
foX Q To
Gq Gaer 0 da
+ 0 _k_QGinter Gor {anter} (18)
knl Q Q qq’

B [19 0 ] To
0 Ior||Fy
in which, the values of coefficient matrices with superscript
“inter” are only calculated once for the interface boundaries.

As shown in Fig.2, the boundary conditions assume a known
temperature of T = 21 °C at the surface boundary and a
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zero-flux condition (—kq = 0) on all side boundaries,
representing the semi-infinite soil layer configuration.

Numerical Methods in Civil Engineering, 10-3 (2026) 25-41

Additionally, freezing pipes are included in the model, with
a prescribed temperature boundary condition of T = 0 °C.

T-21°C | aer |
Gound Surface =21° [ . -
(O O e e e O e e O e e OO0 [ i Tirtey R :
¢ l{ﬂ ° ° ° ° ° ® ° ° (i) : [\ /’ Interface p / :
| oOq Freezing Pipes o | N~ I
| ‘.) ° ° L] | | I
fo
O Q |0 |
| a = )] m———————_—— e ——— d
? o [ ] e () .Q-’ . | L —_
= Boundary Nodes pn O ? - +
4}). Interface Nodes |
L] L ] ° Q !
| qz;:’te? —
(J:) 4) S oo o™
inter [o] Q '
|.Q. L] ° L] [ ] [ ] [ ] [ ] | an l\ o @ .Q.}
o0 0-0-—0-0-0-0-0-0—-0—-0—-0-0-0 o 0o o
q-0 \_ N_ =~

® Vertex Points of the Triangle Element

Fig. 2. Decomposition of a nonhomogeneous soil layer into the two separate homogeneous layers using hybrid boundary-finite element
method

2.3. Verification

The methods and formulations presented in the previous
sections are implemented in a computer code called HybSol
(Hybrid Solver). This code can generate and account for
complex geometries and nonhomogeneous materials during
the solution process. In this section, the code is validated by
solving several classic examples with known analytical
responses. In the first example, a square plate is considered
with an initial temperature of T, = 30 °C across its surface,
cooled with a thermal shock, T, =0°C at its side
boundaries. It should be noted that this problem was solved
using 4 quadratic boundary elements (with 8 nodes) and 8
internal elements. For the volumetric discretization, only a
single internal point was placed at the center of the square.
The analysis was carried out over 25 time steps, each with a
step size of 0.1s. The total computation time using the
hybrid approach was approximately 1 second. Bruch and
Zyvoloski (1974) provided an analytical solution for the
temperature variation at the center of the plate [21]. Fig.3(a)
compares the HybSol results with the analytical solution. As
shown in the figure, the results are in excellent agreement.
In the second example, the results of temperature variation
on the boundaries of a square plate with initial temperature
T, =1°C cooled with thermal shock from the side
boundaries is evaluated. This example is important because
it allows the reliability of results to be evaluated at boundary
points and geometric edges, where flux tends toward
infinity. All geometric and material properties for this case

30

are provided in Fig.3(b). Similar to the previous example, 4
boundary elements (with 8 nodes) and 8 internal triangular
elements (with 1 internal point for volumetric discretization)
are used. The simulation is performed over 25 time steps
with a step size of 0.06s. Using the hybrid approach, the
computation time is approximately 1 second. Additionally,
this figure compares the results of HybSol with the
analytical solution from Wrobel et al. (1986) [22] at three
boundary points of the plate. As can be seen again there is a
great agreement between solutions. In the third example, an
oval-shaped plate with an initial temperature T, = 0 °C is
warmed by maintaining boundaries at T, = 1 °C. The
analytical solution for temperature variation at the oval's
center point was presented by Wrobel et al. (1986) [23]. The
oval-shaped geometry example is significant because it
allows the accuracy of temperature variation predictions
around curved (quadratic) geometries to be assessed. In this
case, the model employs 8 quadratic boundary elements
(with 16 nodes) and 16 internal triangular elements, using a
single internal point at the center of the oval for volumetric
discretization. It should be noted that the simulation was
carried out over 30 time steps, each with a step size 0of 0.05 s.
The total computation time for this example was
approximately 5 seconds. Fig.3(c) compares the HybSol
results with both analytical and finite element solutions,
demonstrating the accuracy of the proposed method relative
to other approaches.
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Fig. 3. Comparing the results of HybSol (Hybrid Solver) code with analytical and other numerical solutions a) Temperature variation at
the center of square plate subjected to thermal shock; b) Temperature variation at the boundaries of the square plate subjected to thermal
shock; ¢) Temperature variation at the center of oval shaped plate subjected to thermal shock.

3. Parametric Study

In this section, a soil layer containing internal inclusions
with circular and square geometries is examined under
different conditions. In the first scenario, the soil layer is
composed of saturated Kaolin clay, while the inclusion
consists of saturated Ottawa sand soil. This condition is
analyzed to evaluate the effects of inclusion geometry and
freezing pipe placement on freezing performance. In the
second scenario, the soil layer is composed of saturated
Ottawa sand, and the inclusion consists of saturated Kaolin
clay. The same parameters are assessed to conduct a
comparative study, aiming to determine the optimal location
and configuration for installing freezing pipes in the
presence of internal inclusions.

3.1. Sand Inclusion within Clay Soil

In the first example, a saturated Kaolin clay layer containing
an inclusion of saturated Ottawa sand is considered. Based
on experimental data, Carpenter (2019) [24] provided the
thermal properties of clay and sand soil layers under varying
conditions. From this work, the thermal properties of the soil
layer and inclusion can be extracted for saturated clay and
sand at specific environmental temperatures and initial
relative densities. In this study, saturated Kaolin clay and
Ottawa sand are considered for the soil layer and inclusion,
respectively. The thermal properties of each material are
presented in Table 1. Additionally, Fig.4 shows the

geometrical and thermal properties of each model. Based on
this figure, the inclusion geometry is assumed to be both
circular and square, with side length/diameter a = 20m,
while the freezing pipe diameter is assumed to be d,, = 1m.
The freezing pipes are installed in two different
configurations. In the first configuration, the pipes are
placed inside the inclusion. In the second configuration, they
are installed outside the inclusion (within the surrounding
soil layer). The pipes are geometrically distributed in the soil
layer following the same pattern as the inclusion's geometry.
However, the spacing between pipes varies according to the
distribution constant parameter, defined as follows:

D

¢=7 (19)

where D is the minimum distance between adjacent pipes (in
meters), and P is the perimeter of the pipe distribution
geometry (in meters). A higher ¢ value indicates a smaller
number of pipes installed within a given distance. For square
inclusion, the distribution constant varies in two cases, ¢ =
0.0625 and ¢ = 0.125. These values apply to both inside
and outside pipe installations. Similarly, for circular
inclusion, the distribution constant is ¢ = 0.120 and ¢ =
0.240. The soil's surface boundary is assumed to have a
fixed normal temperature of T = 21 °C. Since the side
boundaries are connected to an adjacent soil layer of the
same material, the temperature gradient at these boundaries
is assumed to be fixed and equal to zero (q = 0).
Additionally, the freezing pipe boundaries are treated as
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having a constant temperature of T = 0 °C over time. The
model is solved using 30 quadratic boundary elements to
discretize the side boundaries and the ground surface. In
addition, 5 quadratic elements are employed for each
freezing pipe, and 20 quadratic elements are used to
discretize each inclusion boundary. The domain is
discretized using 60 triangular elements, with locally dense
element between the freezing pipes and inclusion and by
going far from them the element density decreased by a

Numerical Methods in Civil Engineering, 10-3 (2026) 25-41

factor of 0.5 for each 3 meters. As example are solved with
500 time-steps with step length 0.01 day (864 seconds). It is
worth noting that all models are solved with hybrid approach
in 48 seconds computation time. the most time-consuming
part of the calculation was the inverse of coefficient matrix
of EQ.18 which took 25 seconds, then the calculation of
temperature in each step only took around 0.05 seconds.

Table 1. Thermal Properties of soil Layer and inclusion [24]

Soil Laver Relative Density Environment Density Thermal Conductivity Specific Heat
Y (%) Temperature (C) (Kg/m?3) (W/mC) Capacity (J/KgC)
Kaolin Clay - 21 1900 1.6 1400
Ottawa Sand 80 21 2148 3 1300
Surface Temperature T=21°C 80m Surface Temperature T=21°C 80m
{ Kaolin { Kaolin (b):
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Fig. 4. Geometrical configuration of installed freezing pipes inside a soil layer a) Square type configuration; b) Circular type
configuration. In both cases, the freezing pipes are installed either inside or outside the inclusion separately.

Fig.5 shows the temperature distribution on the left side of
the circular-type inclusion as a function of time and distance
from the inclusion's center. Figs.5(a) and 5(b) present the
results for freezing pipes located inside and outside the
inclusion, respectively, with a distribution constant of ¢ =
0.240 in both cases. Based on these figures, when the pipes
are inside the inclusion, the temperature at points located in
the center reaches T = 5 °C after 5 days. When the pipes
are outside the inclusion, the temperature decreases
uniformly throughout all points interior the inclusion,
reaching an average value of T = 10 °C after 5 days. For
points exterior the inclusion when pipes are installed inside
it, the temperature increases steadily from T = 10 °C near
the inclusion boundary to T = 21 °C at a distance of X =
1.4a from the inclusion center. This finding demonstrates
that the freezing performance in this case is not particularly
significant, especially for points exterior the inclusion.
When pipes are installed outside the inclusion, both interior
and exterior points experience more significant freezing
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effects, with temperatures reaching T = 2 °C at a distance
of X = 0.7a from the inclusion center. When decreasing
the distribution constant to ¢ = 0.120 in Figs.5(c) and 5(d),
the temperature drops more rapidly. Points within the
inclusion reach T = 0 °C after just 2 days when pipes are
placed within it. However, for exterior points, the freezing
effect differs slightly from that shown in Fig.5(a) with ¢ =
0.240. A similar effect occurs when pipes are installed
outside the inclusion. The temperature decreases uniformly
throughout the interior points, reaching T =5 °C after 5
days. For exterior points in this configuration, however, the
temperature drops more rapidly and propagates farther
compared to the ¢ = 0.240 case.

Fig.6 shows the temperature distribution for a square-type
sand inclusion embedded within a clay soil layer. Fig.6(a)
and Fig.6(b) present the temperature distribution on the left
side of the inclusion for ¢ = 0.125. As shown, the
temperature drops to zero after 3 days for most points
interior the inclusion when freezing pipes are installed
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within it. It is possible to directly compare the results of the
previous circular-type inclusion (for ¢ = 0.125) with this
case (¢ = 0.120). As seen in Figs.5(c) and 6(a), both cases
exhibit similar performance for interior points. However, for
exterior points, the square configuration yields better results,
with temperatures reaching lower values compared to the
circular configuration. In other words, for points exterior the
inclusion, the freezing effect extends over longer distances.
After 4 days, the point at X = 0.6a reaches a temperature
below T = 7 °C in Fig.6(a). By contrast, in the earlier case
with a circular inclusion (Fig.5(c)), the temperature fell
below T = 10 °C over the same period. Additionally, when
pipes are installed outside the inclusion, the interior points
cool more uniformly than in the circular inclusion case, and
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the temperature distributions are more tightly clustered for
all evaluated interior points. When the distribution constant
decreases to ¢ = 0.0625, in Fig.6(c) and Fig.6(d), it is
clearly evident that the interior points rapidly cool to T =
0 °C within just 3 days. Moreover, this effect occurs
uniformly across all points when the freezing pipes are
installed inside the inclusion. A similar effect occurs when
the pipes are placed outside the inclusion. However, in this
configuration, all interior points uniformly coolto T = 2 °C
after 6 days. For exterior points when pipes are installed
outside the inclusion, freezing develops more rapidly, with
temperatures reaching T = 0 °C ata distance of X = 0.7a
within 5 days. The result is consistent with the circular
inclusion case.
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Fig. 5. Temperature distribution along the left boundary of the circular Ottawa sand inclusion and Kaolin clay soil layer when freezing
pipes are installed a) inside inclusion with ¢ = 0.240; b) outside inclusion with ¢ = 0.240; c) inside inclusion with ¢ = 0.120; d) outside
inclusion with ¢ = 0.120
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Fig.7 shows the snapshot of temperature distribution in a
circular inclusion with a distribution constant of ¢ = 0.240.
Note that each time step in the figure represents 0.01 days,
where darker regions indicate colder temperatures and
lighter red areas correspond to the warmest points (T =
21 °C). As shown in Fig.7(a), when pipes are installed
inside the inclusion, the interior points freeze rapidly, and
their temperature drops below T =10 °C. In contrast,
Fig.7(b) demonstrates that when pipes are installed outside
the inclusion, the freezing process is slower and only the
areas near the pipes reach temperatures below T = 10 °C in
same duration of time. Fig.8(a) shows temperature snapshots
for a distribution constant of ¢ = 0.120. As illustrated, the
freezing zone inside the inclusion expands rapidly, with
interior points dropping below T = 10 °C. A ring-shaped
area forms at the center of the inclusion, where temperatures
reach T =0 °C , while adjacent points remain at higher
temperatures during the same period. When the pipes are
installed outside the inclusion (Fig.8(b)), the interior of the
inclusion still experiences temperatures below T = 10 °C
after 5 days. However, points exterior the inclusion near the
pipes also cool to this temperature within the same period.

Fig.9 and Fig.10 present snapshots of the temperature
changes for the square-type inclusion. Based on Fig.9(a),
when pipes with ¢ = 0.125 are installed inside the
inclusion, the temperature decreases rapidly within the
inclusion, dropping below T = 2 °C after 5 days. Based on
Fig.9(a), temperatures at points exterior to the inclusion drop
below T = 10 °C near its boundary. When the pipes are
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Time (Days;1

Fig. 6. Temperature distribution along the left boundary of the square Ottawa sand inclusion and Kaolin clay soil layer when freezing

pipes are installed a) inside inclusion with ¢ = 0.125; b) outside inclusion with ¢ = 0.125; c¢) inside inclusion with ¢ = 0.0625; d)
outside inclusion with ¢ = 0.0625.

installed outside the inclusion (Fig.9(b)), the temperature
decreases uniformly for both interior and exterior points.
However, the temperature drop is lower compared to
internal pipe installation, particularly for points inside the
inclusion. According to Fig.10(a), when the distribution
constant is ¢ = 0.0625, all points inside the inclusion reach
T = 0 °C within three days, and the affected area outside
the inclusion is larger than in the previous case. When pipes
are installed outside the inclusion (Fig.10(b)), the
temperature decreases nearly uniformly for all points, both
inside and outside. However, the freezing rate inside the
inclusion is slightly slower than outside, with all points
dropping below T = 5 °C after 5 days of freezing.
Fig.11(a) presents temperature distributions when circular
freezing pipes (¢ = 0.120) are installed inside a square
inclusion. Fig.11(b) shows freezing progression for a
circular inclusion with a square freezing pipe configuration
(¢ = 0.0625). In both cases, the freezing pattern follows the
pipe configuration. In the first case, the freezing
performance is non-uniform. Compared to previous cases,
the temperature difference at the edges of the square
inclusion is significantly higher than at its center. In contrast,
when the freezing pipe configuration matches the inclusion
geometry (as in previous cases), more uniform results are
achieved. Similar patterns are observed in Fig.11(b).
However, when freezing pipes are installed outside the
inclusion, all interior points freeze uniformly, and the
freezing radius extends significantly beyond the inclusion
boundaries.
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Fig. 7. Snapshot of thermal distribution inside Kaolin clay soil layer and circular type Ottawa sand inclusion with ¢ = 0.240 when
freezing pipes are installed a) inside inclusion; b) outside inclusion. The step length is 0.01 day.
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Fig. 8. Snapshot o fthermal dlstrlbutlon inside Kaolin clay 50|I layer and circular type Ottawa sand inclusion with ¢ = 0.120 when
freezing pipes are installed a) inside inclusion; b) outside inclusion. The step length is 0.01 day.

Fig. 9. Snapshot of thermal distribution inside Kaolin clay soil layer and square type Ottawa sand inclusion with ¢ = 0.125 when freezing
pipes are installed a) inside inclusion; b) outside inclusion. The step length is 0.01 day.

~175

| 00000
E';]Ell D000
(*)[=]=] [o][a]a]a]a],

Fig. 10. Snapshot of thermal distribution inside Kaolin clay soil layer and square type Ottawa sand inclusion with ¢ = 0.0625 when
freezing pipes are installed a) inside inclusion; b) outside inclusion The step length is 0.01 day.
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Fig. 11. Snapshot of thermal dlstrlbutlon inside Kaolin clay 50|I layer and Ottawa sand lnclusmn a) Square type inclusion-circular pipe
configuration inside the inclusion, ¢ = 0.120; b) Circular type inclusion-square pipe configuration outside the inclusion, ¢ = 0.0625. The
step length is 0.01 day.

In summary, for both circular and square inclusions where
the soil layer consists of Kaolin clay and the inclusion is
sand-based, uniform temperature fall occurs both inside and
outside the inclusion when pipes are installed externally.
However, the time required to fully freeze interior points
increases compared to internal pipe installation. Optimal
freezing performance is achieved when the pipe
configuration matches the inclusion's geometry.

3.2. Clay Inclusion within Sandy Soil

In the second example, it is assumed that the inclusion is the
type of saturated Kaolin clay, and the soil layer consists of
saturated Ottawa sand. The thermal properties of each layer
are identical to those in Table 1. The results are presented
for both square and circular shaped inclusions with the same
freezing pipe configuration and distribution constant as seen
in the previous example. Fig.12 presents the temperature
distribution on the left side of the circular type inclusion
with ¢ = 0.240. Based on Fig.12(a), when pipes are
installed inside the inclusion, the freezing process is slower
compared to the previous example. This is because the
thermal diffusivity of clay is lower than that of sand.
However, the center of inclusion reaches to below T =
10 °C after 5 days. In contrast, exterior points experience
almost the same situation as seen in the previous example
and the speed of freezing remains unchanged for this case.
When pipes are installed outside the inclusion in Fig.12(b),
the temperature decreases uniformly for interior points and
averages to a value of T = 12 °C after 5 days. In exterior
points near the freezing spots X = 0.7a, the temperature
reaches below T = 2 °C after 5 days, however, by moving
away from spot the freezing performance rapidly decreases.
When the distribution constant is ¢ = 0.240 (Fig.12(c)), the
freezing rate increases, and the temperature at all points
interior to the inclusion reaches near-zero values only after
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2 days. However, compared to the previous case (Fig.5), the
freezing rate in this case is 5% slower. When the pipes are
outside the inclusion (Fig.12(d)), the temperature at all
evaluated points drops below T =5 °Con average after 5
days. Additionally, points near the pipes at X = 0.7a
experience temperatures below T = 2 °C within 2 days in
this configuration.

If the inclusion geometry is assumed to be square-shaped,
the temperature distribution inside and on the left side of the
inclusion is presented in Fig.13. Based on Fig.13(a), when
freezing pipes are installed inside the inclusion with a
distribution constant of ¢ = 0.125, the temperature values
drop below T =5 °C after 5 days for all interior points.
Compared to the equivalent circular inclusion in Fig.12(c),
this process is slower. The circular configuration achieves
temperatures below T = 5 °C for most interior points in just
3 days. However, for exterior points, the square-type
inclusion demonstrated better performance, achieving lower
temperatures at greater distances compared to the circular-
type. When freezing pipes are installed outside the inclusion
(Fig.13(b)), the square-type configuration demonstrates
better performance than the circular type (Fig.12(d)) for
interior points, as all evaluated points exhibit a uniform
temperature drop. For exterior points as well, the square-
type configuration in Fig.13(b) shows better performance
compared to the circular type, achieving lower temperatures
at greater distances. Increasing the number of installed pipes
in Fig.13(c) with ¢ = 0.0625 results in a slightly improved
freezing rate, particularly for points at the center of the
inclusion. However, for other points, the performance
remains nearly identical to that in Fig.13(a). When pipes are
installed outside the inclusion in Fig.13(d), both interior and
exterior points experience a lower and more uniform
temperature distribution compared to Fig.13(b).
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Fig. 12. Temperature distribution along the left boundary of the circular Kaolin clay inclusion and Ottawa sand soil layer when freezing
pipes are installed a) inside inclusion with ¢ = 0.240; b) outside inclusion with ¢ = 0.240; c) inside inclusion with ¢ = 0.120; d) outside
inclusion with ¢ = 0.120.
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Fig. 13. Temperature distribution along the left boundary of the square Kaolin clay inclusion and Ottawa sand soil layer when freezing
pipes are installed a) inside inclusion with ¢ = 0.125; b) outside inclusion with ¢ = 0.125; c¢) inside inclusion with ¢ = 0.0625; d)
outside inclusion with ¢ = 0.0625.
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Figs.14 to 17 present snapshots of temperature changes
inside and around the clay inclusion embedded in the sand
layer for different freezing pipe configurations. It can be
observed that when the pipes are installed inside the
inclusion, the freezing rate and performance are more
effective for interior points. This performance further
improves when more pipes are used in the freezing process.
In contrast, for the exterior points, the freezing rate is lower
than for the interior points. However, in this case, the
freezing performance is more effective, and the freezing
extends over greater distances compared to the previous
example with a sand inclusion and clay soil layer. When
pipes are installed outside, the inclusion freezing process
covers both internal points and exterior points uniformly. It
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is observed that both circular and square pipe configurations
exhibit uniform freezing performance in this case. Fig.18(a)
presents the temperature distribution results for a square-
type inclusion with circular pipe installation configuration.
As shown in the figure, the freezing front develops
according to the pipe configuration pattern, while the edges
of the square inclusion do not reach lower temperatures
relative to adjacent points even after 5 days. Similar results
are observed in Fig.18(b) for the circular-type inclusion with
square pipe configuration installed outside the inclusion.
The key difference is that all exterior points experience a
rapid temperature drop, while interior points uniformly
reach freezing temperature.
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Fig. 14. Snapshot of thermal distribution inside Ottawa sand soil layer and circular type Kaolin clay inclusion with ¢ = 0.240 when
freezing pipes are installed a) inside inclusion; b) outside inclusion. The step length is 0.01 day.
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Fig. 15 Snapshot of thermal distribution inside Ottawa sand soil layer and circular type Kaolin clay inclusion with ¢ = 0.120 when
freezing pipes are installed a) inside inclusion; b) outside inclusion. The step length is 0.01 day.

Fig. 16. Snapshot of thermal dlstrlbutlon inside Ottawa sand soil layer and square type Kaolin clay |ncIu5|on with ¢ = 0 125 when
freezing pipes are installed a) inside inclusion; b) outside inclusion. The step length is 0.01 day.
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Fig. 17. Snapshot of thermal distribution inside Ottawa sand soil layer and square type Kaolm clay |nclu5|on with ¢ = 0.0625 when
freezing pipes are installed a) inside inclusion; b) outside inclusion. The step length is 0.01 day.
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Flg 18 Snapshot of thermal distribution inside Ottawa sand soil layer and Kaolin clay inclusion a) Square type inclusion-circular pipe
configuration inside the inclusion, ¢ = 0.120; b) Circular type inclusion-square pipe configuration outside the inclusion, ¢ = 0.0625. The
step length is 0.01 day.

4. Conclusion

In this paper, a hybrid boundary-finite element solution is
proposed to study the freezing process in a nonhomogeneous
soil layer containing circular and square-shaped inclusions.
After presenting the boundary-finite element formulation
and applying the method to the heat transfer equation, the
discretized form of the equations is derived. The effects of
inclusions within the soil layer were considered by
introducing a substructure-subdomain method. Using this
approach, the soil layer and inclusions were divided into two
separate homogeneous models, and the hybrid method was
then applied to each model. Furthermore, the equations
obtained from each model were combined using continuity
and consistency boundary conditions at the interface
boundaries. The hybrid method and formulation were then
implemented in a computer code called JMEL. After
verifying the developed code by solving several classic
examples and comparing the results with available analytical
solutions, a parametric study was conducted. In this study, a
soil layer with circular and square-shaped inclusions was
modeled, and the temperature distribution at both interior
and exterior points of the inclusions was evaluated. The
results demonstrate that the proposed hybrid boundary-finite
element method is highly effective for modeling heat
transfer in soil layers containing arbitrarily shaped
inclusions. This method can accurately predict freezing
fronts in multilayer soils with complex geometries, making
it a suitable numerical approach for soil improvement

applications in geotechnical engineering. The main results
of the parametric study can be summarized as follows:

For freezing pipes installed inside the inclusion, the
interior cools significantly (below 2 °C), but exterior
temperatures remain relatively high, influenced by the
surrounding soil’s thermal properties. In sandy layers,
temperatures decrease more rapidly and reach lower
values compared to clay layers, highlighting the
importance of soil characterization in thermal design.
Sandy soils, due to their higher thermal diffusivity, can
restrict freezing efficiency within clay inclusions. To
mitigate this, increasing the number of freezing pipes
outside the inclusion is recommended to enhance overall
freezing performance.

With pipes placed outside the inclusion, a larger freezing
radius is achieved, improving exterior soil stabilization
and yielding a more uniform interior temperature
distribution. However, interior temperatures remain
higher than when pipes are placed inside, a trade-off that
should be considered based on uniformity versus
intensity of cooling.

The freezing growth pattern is predominantly governed
by the arrangement of freezing pipes, not by the
geometry of the inclusion. This suggests that pipe layout
should be strategically planned to direct freezing fronts
effectively, regardless of subsurface obstructions or
inclusions.
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Optimal freezing performance, characterized by uniform
temperature reduction and lower overall temperatures, is
achieved when the freezing pipe configuration is aligned
with the geometry of the inclusion. This alignment
ensures efficient and predictable frost development
tailored to the intended stabilization zone.

Despite the promising performance of the proposed hybrid
boundary—finite element formulation, the present study is
limited to single-phase heat transfer analysis with variable
thermal conductivity. The phase change phenomenon
associated with soil freezing was not explicitly modeled, and
latent heat effects were not incorporated into the governing
equations directly. Although this assumption simplifies the
numerical implementation and provides reliable predictions
for pre-freezing thermal behavior, accurate simulation of
fully coupled freezing—thawing processes requires
consideration of nonlinear phase change effects. Extending
the proposed hybrid framework to incorporate enthalpy-
based or Stefan-type phase change models represents an
important direction for future research. Such an extension
would enable more realistic modeling of moving freezing
fronts and transient frost heave behavior in saturated soils.
From an engineering perspective, the developed method
offers significant potential for practical applications in
artificial ground freezing (AGF) projects, underground
excavation support, tunnel shaft construction, groundwater
control systems, and foundation stabilization in
heterogeneous subsurface conditions. The capability of the
method to efficiently model multilayer soils with inclusions
of arbitrary geometry makes it particularly suitable for
complex geotechnical environments where buried utilities,
rock lenses, or structural obstructions are present. Therefore,
the proposed approach provides a flexible and
computationally efficient tool for thermal design and
optimization of soil improvement systems in geotechnical
engineering practice.
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