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Abstract: 

Moving least squares material point method (MLS-MPM) is a novel approach that enables sharp 

separation of particles and reduces cell-crossing errors in material point method simulations. 

This paper uses the MLS-MPM method to numerically simulate the trapdoor test and soil 

arching, a phenomenon that plays a vital role in the design of many geotechnical structures, such 

as pile-supported embankments, buried pipelines, tunnels, and trench excavations. Large 

deformation of soil is considered during the plastic phase of deformation. Non-associated Mohr-

Coulomb plasticity is enhanced to capture strain hardening/softening typically seen in granular 

soils. The proposed method is validated against centrifuge trapdoor tests. The numerical stress 

fields agree with the formation of a triangular-shaped arch after medium relative displacements 

and mobilization of a prism of soil after large relative displacements of the trapdoor. It is shown 

that using MLS-MPM, the arching behavior of soil can be described in detail throughout the 

trapdoor test.  

 

 

1. Introduction 

Arching is one of the most fundamental phenomena 

influencing the redistribution of stresses in granular soils at 

both laboratory and field scales [1]. It affects the earth 

pressure acting on underground structures and plays a vital 

role in the design of many geotechnical structures, such as 

pile-supported embankments, buried pipelines, tunnels, 

trench excavations to name a few [2]. The arching effect has 

been extensively studied experimentally through trapdoor 

tests [1-5].  
Several numerical models have been developed to 

investigate the effect of arching, following two main 

approaches. The first approach is based on a discrete system, 

in which individual grains are modeled as rigid bodies, 

where grain-to-grain force-displacement laws determine the 

overall behaviour of the system. The class of discrete 

systems includes the discrete element method [6], the lattice-

solid method [7], and the contact dynamics method [8].  High  
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computational costs required to track all grain interactions, 

the small time-steps required for the solution stability, and 

the effort needed to constrain bulk properties of the 

assemblage are some challenges that the discrete approach 

poses [9-11]. The second approach relies upon a continuum 

system, where the granular material is modeled as a 

continuous mass. In this approach, the geometry could be 

discretized into smaller subdomains. The finite element 

method (FEM) is an example of this approach. The major 

drawback of this method is its limited capability in modeling 

large deformations. Recent developments aim to minimize 

disabilities of FEM [12]. Combining both previous strategies 

makes it possible to keep the grains data while using a 

background mesh to reduce the total number of degrees of 

freedom and computational costs. An example of such an 

approach is the material point method (MPM). This method 

has been successfully used to model landslides [13-15], 

anchors and geo-interfaces [16-18], and dam failure [19-20]. 

Moving Least Squares (MLS) is a high-order, accurate 

method that calculates a polynomial best fit to transfer data 

between grid nodes and material points. Recently, MLS-

MPM was introduced to allow for the sharp separation of 

material points, an issue that traditional MPM fails to model 
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[21]. This method was incorporated to reduce the cell-

crossing error in MPM simulations [22], and to successfully 

model frictional contacts [23], rock avalanches [24], and 

landslide depositions [25].  

In this paper, MLS-MPM, a new numerical tool for the sharp 

separation of material, is employed to model granular soil 

arching. In order to consider large deformations that often 

occur within the failure zone of the soil, a finite strain 

formulation is utilized during the plastic phase of 

deformation. Non-associated Mohr-Coulomb plasticity is 

enhanced to capture strain hardening/softening typically 

seen in granular soils. The capabilities of MLS-MPM are 

examined in the simulation of centrifuge trapdoor tests. To 

the authors’ knowledge, it is the first time that the MLS-

MPM method is employed to model the trapdoor problem.  

2. Formulation 

The MLS approximation of the velocity function 𝑣(𝒙) near 

a fixed point 𝒔 is defined as 

v(x) = PT(x − s)c(s)                                                     (1) 

where P(x − s) = [p1(x − s), p2(x − s), . . . , pnb(x − s)]T 

forms a complete basis function vector, and 𝒄(𝒔) is the 

vector of non-constant basis coefficients that depend on the 

location where they are computed. In order to determine the 

unknown basis coefficients, the following weighted Least 

Squares error is minimized: 

J(c) = ∑ ωI
n
I=1 (xI − s)(PT(xI − s)c(s) − v(xI))2         (2) 

where 𝜔𝐼(𝒔 − 𝒙𝐼) is a weighting function centered at 𝒙𝐼 .Its 

role is to define the radius of influence and the weight of 

neighboring points on the approximation. n is the point 

number in the surroundings of 𝒔 for which the weight 

function is not zero. The coefficient vector is obtained after 
𝜕𝐽

𝜕𝑐𝐼
 is set to zero for I = 1, 2, . . . , n, leading to the following 

linear relation: 

∑ ωI
n
I=1 (xI − s)P(xI − s)(PT(xI − s)c(s) − v(xI)) = 0        (3) 

Defining  

D = ∑ ωI(xI − s)n
I=1 P(xI − s)PT(xI − s)                          (4) 

and 𝐵 = ∑ 𝜔𝐼(𝑥𝐼 − 𝑠)𝑛
𝐼=1 𝑃(𝑥𝐼 − 𝑠)𝑣(𝑥𝐼), the coefficients 

are obtained as: 

c = D−1B                                                                                           (5) 

The MLS solution is given by 

v(x) = ∑ ωI(xI − s)n
I=1 PT(x − s)D−1P(xI − s)v(xI)       (6) 

In particular, point 𝒔 may coincide with a material point xP: 

v(x) = ∑ ωI(xI − xP)n
I=1 PT(x − xP)D−1P(xI − xP)v(xI)          (7) 

This relation can be written as   

v(x) = ∑ ΦI(x)n
I=1 vI                                                           (8) 

where vI = v(xI) and  

ΦI(x) = ωI(xI − xP)PT(x − xP)D−1P(xI − xP)                (9) 

is defined as the shape function at xI similar to the Element 

Free Galerkin (EFG) method [26] with the exception that 

both the basis function and the coefficient vectors in Eq. (1) 

are functions of x only. However, to prevent numerical 

difficulties due to large entries in the D matrix, it is 

preferable to re-center the basis functions [27-28]. Unlike 

the traditional MPM, which utilizes B-splines for 

interpolation, the MLS-MPM employs ΦI(x) from Eq. (8) 

as shape functions. This is the main contribution of MLS-

MPM, providing key advantages over traditional MPM. 

Considering that for B-spline shape functions NI(x), 

∑ NI(xI − xP)I = 1 (partition of unity) and ∑ xINI(xI −I

x) = x for any x, it leads to ∑ (xI − xP)NI(xI − xP)I = 0 

[29]. Thus, we set ωI = NI and s = xP in Eq. (4) and 

choosing a 2D linear space for the basis function vector 

P(x − s) = [1, x − sx, y − sy]T to obtain: 

D = ∑ ωI(xI − xP)

n

I=1

[
1 (xI − xP)T

(xI − xP) (xI − xP)(xI − xP)T] 

= {
h2I/3 cubic

h2I/4 quadratic
                                                (10) 

where I is the unit matrix and h is the grid spacing [29-30]. 

In this case, D−1 in Eq. (9) is simplified to a constant scaling 

factor. 

The weak form of the momentum conservation equation can 

be written as: 

∫ 𝑤𝑖𝜌𝑣̇𝑖𝛺
𝑑𝛺 + ∫ 𝑤𝑖,𝑘𝜎𝑖𝑘𝑑𝛺

𝛺
= ∫ 𝑤𝑖 𝑡̄𝑖𝑑𝛤

𝛤𝑡 + ∫ 𝑤𝑖𝜌𝑏𝑖𝛺
𝑑𝛺  (11) 

where 𝑤𝑖 is the ith component of an arbitrary vector-valued 

test function that is zero at the Dirichlet boundary, 𝜌 is the 

Eulerian material density, σ is the Cauchy stress tensor, b 

represents the body force, t̄ is the traction, 𝛺 is the domain, 

𝛤𝑡 is the prescribed traction boundary and v̇ is the rate of the 

velocity vector. The Eq. (11) should be solved at grid nodes. 

Dividing the domain with material point partitions 𝛺𝑃 leads 

to 

∑ ∫ 𝑤𝑖𝜌𝑣̇𝑖𝛺𝑃
𝑑𝛺𝑃 + ∑ ∫ 𝑤𝑖,𝑘𝜎𝑖𝑘𝑑𝛺

𝛺𝑃
𝑃 = ∫ 𝑤𝑖 𝑡̄𝑖𝑑𝛤

𝛤𝑡 +

∑ ∫ 𝑤𝑖𝜌𝑏𝑖𝛺𝑃
𝑑𝛺𝑃                                                                          (12) 

Using Eq. (8) for the weight function 𝑤𝑖, we have  

wi(x) = ∑ ΦI(x)n
I=1 wIi                                                       (13) 

Substituting Eqs. (8) and (13) in Eq. (12), the conservation 

of momentum can be written as 

ṗ = f int + f ext , ∀xI ∉ Γ
u
                                (14) 
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where the momentum ṗ is defined as 

ṗ = ∑ ∑ ∑ wIiv̇JiMIJJIP                                                    (15) 

MIJ = ∫ ρΦI(x)ΦJ(x)dΩ
ΩP

≈ mPΦI(xP)ΦJ(xP)           (16) 

where MIJ is the mass matrix and mP is the material point 

mass. The internal force vector is expressed as: 

f int = − ∑ ∑ ∑ wIiJIP ∫ ΦI,jσjidΩ
ΩP

≈

− ∑ ∑ ∑ wIiJIP VPNI(xI − xP)D−1(xIj − xPj)σji             (17) 

with VP denoting the current volume of the material point. 

When displacements are large, the motion is described by 

the deformation gradient tensor F. In order to consider 

plastic strains, the deformation gradient tensor is 

multiplicatively decomposed into elastic and plastic parts as 

F = FeFp with the superscripts e and p representing the pure 

elastic and pure plastic parts, respectively. In this way, as 

stress is only related to elastic deformations, the final 

deformed shape is recognized as a purely elastic mapping 

from an intermediate, stress-free shape consisting of only 

plastic deformation [31-32]. The elastic part of the 

deformation gradient tensor Fe is the conjugate strain 

measure for the first Piola-Kirshhoff stress in the strain 

energy ψ. Considering J = det( F) and substituting σji =
1

J

∂ψ

∂Fjk
e Fik

e  and VP = JVP
0 in Eq. (17): 

f int ≈ − ∑ ∑ ∑ wIiJIP VP
0NI(xI − xP)D−1(xIj − xPj)

∂ψ

∂Fjk
e Fik

e      (18)                                                                  

where VP
0 denotes the reference volume of the material point. 

The external force vector is described as: 

f ext = fb
ext + ft

ext                                                                     (19) 

where 

fb
ext = ∑ ∑ ∑ wIiJIP ∫ ΦI(x)bidΩ

ΩP
≈

∑ ∑ ∑ wIiJIP ΦI(xP)biJVP
0                                                (20) 

is the external body force and ft
ext is the external traction 

force.  

Large-displacement, small-strain problems can be addressed 

using corotational formulation in which a linear stress-strain 

relation is assumed for simplicity, while invariance under 

large rigid body motions is assured. In this formulation, 

since F is invertible, the polar decomposition theorem yields 

to decomposition of the deformation and expresses F as the 

product of an orthogonal rotation tensor R and a symmetric 

Cauchy stretch tensor U or V [33]: 

F = VR = RU                                                                                      (21) 

The rotation R transfers the principal axes of strain at the 

reference shape into the principal axes of strain at the present 

shape.  

It is noted that the symmetric tensor U can be decomposed 

as 

U = QSQT                                                                                           (22) 

where Q is a rotation matrix whose columns are the 

normalized eigenvectors of U and S. Substituting Eq. (22) in 

Eq. (21) gives:  

F = RU = RQSQT = WSQT                                                    (23) 

which is the common form of singular value decomposition 

(SVD) of the matrices. Accordingly, the singular value 

decomposition of the elastic part of the deformation gradient 

tensor yields  Fe = WeSeQeT
. Eliminating rotation from the 

elastic part of the deformation gradient tensor, a linear strain 

tensor is defined as εe = Se − I where I is the identity tensor. 

The strain energy function in the corrected corotational 

model is defined as [34]: 

ψ(Fe)  = µ ∑ εi
e2

i +
λ

2
(J − 1)2                                         (24) 

where μ and λ are Lame constants.  

The soil behavior can be described using non-associated 

Mohr-Coulomb plasticity [35-36]. Following [37], the non-

associated Mohr-Coulomb plasticity is enhanced to capture 

strain hardening/softening typically seen in brittle materials. 

Defining p =
σ1+σ3

2
 and q =

σ1−σ3

2
 where σ1 and σ3 are the 

maximum and minimum principal stresses, respectively, the 

Mohr-Coulomb yield criterion is expressed as 

q = c cos φ + p sin φ                                                     (25) 

where c and φ are cohesion and internal friction angle, 

respectively. Similar to [35], the strength parameters 

(cohesion and internal friction angle) are evaluated using the 

following rules:  

c = cr + (cpeak − cr)e−ηεeq
p

                                             (26) 

φ = φr + (φpeak − φr)e−ηεeq
p

                                               (27) 

where subscript r denotes residual value, η is a shape factor 

parameter controlling the rate of strength increase/decrease, 

and εeq
p

 is equivalent plastic strain is defined as  

εeq
p

= √
2

3
ep: ep                                                                              (28) 

where 𝒆𝑝 denotes the deviatoric part of the plastic strain 

tensor. It is well known that the softening part of stress-strain 

curves in quasi-brittle materials is not a material property. 

Therefore, special care should be given where different 

mesh sizes are used in a standard continuum model 

consisting of a strain-softening material. In this case, the 

crack band model [38] could be used as a regularization 

technique to avoid mesh dependency in a strain-localization 

problem. According to the crack band model, the total 

https://sameradeeb-new.srv.ualberta.ca/linear-algebra/linear-maps-between-vector-spaces/special-types-of-linear-maps/symmetric-tensors/
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dissipated strain energy by a shear band should be the same 

for different element sizes. In the material point method, the 

thickness of a shear band is approximated by the grid 

element size [38]. It was shown that if the shape factor 

parameter 𝜂 varies in a direct manner with the element size, 

the problem solution becomes independent of the grid size. 

In this study, only one grid size was utilized for each model. 

Thus, only one shape factor parameter is needed for each 

problem. 

In the MLS-MPM method, similar to MPM, a continuum 

body is divided into discrete material points that travel 

across a background mesh. The material point physical 

properties, including velocity and stress, are mapped onto 

the mesh. The momentum equation is solved on this mesh, 

which then deforms according to the updated nodal 

velocities. Finally, the material point states are adjusted 

based on the mesh deformation. In the MLS-MPM method, 

smooth shape functions from Eq. (9) are utilized to reduce 

the error corresponding to the material point cell-crossing.  

3. Trapdoor test modeling 

Centrifuge tests have been widely used for physical 

modeling of geotechnical problems. The main idea for 

geotechnical centrifuge testing is to replicate field 

conditions on a smaller scale accurately. Since soil behavior 

is strongly inspired by stress levels, it is crucial to make sure 

that stresses in the model correspond to those in the actual 

prototype for proper similitude. Geotechnical centrifuge 

experiments utilize rotational motion to generate centripetal 

acceleration, which simulates gravitational effects. By 

increasing gravitational acceleration in the centrifuge, small-

scale models can effectively model real-world conditions 

while using the same materials as the full-scale prototype 

[39-40]. 

The trapdoor test is useful for understanding soil arching 

around geotechnical structures such as tunnels and anchor 

plates. In this section, centrifuge trapdoor tests [39-40] are 

modelled numerically to show MLS-MPM capabilities in 

the simulation of active soil arching problems. The 

experimental model consists of a strip trapdoor that can 

move downward while the geomaterial experiences 

centripetal acceleration. The tests were conducted using a 

Genisco beam-type geotechnical centrifuge, which has an 

effective radius of approximately 1.7 meters. With 

increasing downward displacement of the trapdoor (at a 

speed of 0.18 mm/s), the load change on it was monitored 

during the test using a high-speed data acquisition system. 

The soil-containing box had interior dimensions of 406 mm, 

330 mm, and 254 mm in length, width, and height, 

respectively. The edges of the trapdoor segments were 

tapered slightly to minimize friction with the side walls. 

Thus, wall friction was not considered in the numerical 

model.  

 Uniform coarse sand (𝐶𝑢 =
𝐷60

𝐷10
= 1.7𝑚𝑚) with subangular 

grains passed through the #4 (4.76 mm) sieve and retained 

on the #14 (1.41 mm) sieve was used in their experiments. 

The average particle size was 2.1 mm, and the specific 

gravity was measured as 2.66. The peak friction angle of 39° 

had been measured from direct shear tests for a void ratio of 

0.70 and normal stress levels of 49 kPa and 98 kPa. The soil 

was poured into trowel-sized scoops and scattered manually. 

The pouring of the grains represented regular packing. The 

average bulk density prior to mounting on the centrifuge 

platform was around 1600 kg/m3. The gravitational 

acceleration was increased in a centrifuge apparatus until the 

desired highest acceleration was reached. Gravity 

accelerations of 80g were applied to the soil. Afterward, the 

trapdoor was moved downward, causing a decrease in the 

load on the trapdoor. The load was reported on the central 

part of the trapdoor.  

Figure 1 shows a typical plot of average normalized vertical 

stress on the trapdoor versus the normalized trapdoor 

vertical displacement based on data from centrifuge 

experiments by [40]. In this figure, the average vertical 

stress on the trapdoor (p) is normalized with the theoretical 

geostatic stress (p0= γH) while trapdoor vertical 

displacement (δ) is normalized with respect to the trapdoor 

width (B). As shown in this figure, upon trapdoor lowering, 

the vertical stress on the trapdoor falls sharply below the 

theoretical overburden pressure down to a point where the 

curvature is greatest and is called the breakpoint, while the 

load starts to redistribute, which increases the adjacent soil 

stresses. As a result of active soil arching and the 

development of initial slip surfaces above the trapdoor, the 

load on the trapdoor stabilizes to a minimum value, and the 

stress decrease diminishes. As the trapdoor lowering 

continues, the vertical stress on the trapdoor slowly 

increases until the trapdoor reaches its maximum achievable 

displacement. This slight increase shows that only a limited 

volume of soil above the trapdoor follows the trapdoor 

lowering. The reason for this increase may be a change in 

the configuration of slip surfaces from a curved shape to a 

triangular one [38]. The numerical model consists of a 

trapdoor, a soil layer, and a void zone below the trapdoor. 

As shown in Figure 2, both lateral sides are fixed in the 

horizontal direction while the bottom is fixed in the vertical 

direction in the quasistatic part of the simulation. In the 

dynamic stage, the trapdoor moves down with a vertical 

velocity set to 0.18 mm/s. Gravity acceleration is applied to 

the model in the quasistatic part of the simulation and 

remains constant during the dynamic stage.  

 



 

O. R. Barani and A.M. Maleki                                                       Numerical Methods in Civil Engineering, 10-1 (2025) 23-30 

27 

 

A structured grid with 0.005-m element size was utilized to 

discretize the model in space, ensuring converges to a unique 

solution. An adaptive time-stepping scheme with a 

minimum time step of 10-5 s was used for discretization in 

time to prevent numerical instability. The geometrical 

parameters are chosen according to [37-38] and are 

presented in Table 1. Mohr-Coulomb plasticity model with 

strain softening, as described in section 4, is assumed for the 

soil. Material properties for soil are presented in Table 2. 

Similar material properties are considered for the numerical 

modeling of this problem using MPM [41].  

 

Fig. 1: A typical plot of average normalized vertical stress versus 

normalized trapdoor vertical displacement [39] 

 

Fig. 2: Scheme of the model and boundary conditions 

 

Table 1: Geometrical parameters 

Value Unit Symbol Description 

0.05 𝑚 𝐵 
Trapdoor 

length 

0.05, 0.1, 0.125, 0.2 𝑚 𝐻 
Soil layer 

height 

0.4 𝑚 𝐿 
Soil layer 

length 

0.05 𝑚 𝑉 
Void zone 

height 

0.1875 𝑚 𝑇 

Distance to 

trapdoor 

edge 

0.01 𝑚 𝑊 
Soil layer 

thickness 

 

Table 2: Soil material parameters 

Value Unit Symbol Material property 

1600 
𝑘𝑔

𝑚3
 𝜌 Density 

8 𝑀𝑃𝑎 𝐸 Elasticity modulus 

0.3 - 𝜈 Poisson’s ratio 

35   𝜑𝑝𝑒𝑎𝑘 Peak friction angle 

30   𝜑𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 Residual friction angle 

0 𝑀𝑃𝑎 𝐶𝑝𝑒𝑎𝑘 Peak cohesion 

0 𝑀𝑃𝑎 𝐶𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 Residual cohesion 

500 - 𝜂 Shape factor 

 

Figure 3 presents vertical and horizontal stress contours at 

the end of the quasistatic stage. Tensile stress is assumed to 

be positive. Stresses at the end of the quasistatic stage are 

considered as initial stresses for the dynamic stage. Figures 

4-6 illustrate the impact of overburden from experiments 

GI197–GI200 [40] highlighting the break point, end of the 

test point, and minimum load point, representing three main 

state points of tests. Figure 4 presents the average stress 

versus depth of soil normalized with the trapdoor width. As 

shown in Figure 4, the minimum absolute stress values for 

different soil depths are the same. The roughly constant 

minimum vertical stress and stress at the end of the test for 

all models is attributed to the same volume and weight of 

soil below the stable arch for all overburden depths equal to 

or greater than the width of the trapdoor.  

 

 

(a) 

 

(b) 

Fig. 3: The soil layer initial stresses (a) vertical stress (Pa), (b) 

horizontal stress (Pa) 
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Fig. 4: Numerical average stress on trap door versus normalized 

depth compared to experimental results 

 

 
Fig. 5: Numerical normalized loading on trap door versus 

normalized depth compared to experimental results 

 
Fig. 6: Numerical normalized displacement of the trapdoor versus 

normalized depth compared to experimental results 

Figure 5 illustrates normalized loading stress vs. normalized 

depth of soil. Since the change in absolute stress values with 

normalized depth variation is small, the normalized loading 

stress for all cases reduces when the soil depth is increased. 

As seen in Figure 5, the trends of the break point and 

minimum point stresses are similar. The stress at the end of 

each test is generally between the minimum and break point 

stresses, except for the case of H/B=1, in which the arching 

action may not be fully sustained due to the soil shallow 

depth [40]. Figure 6 shows normalized displacement versus 

normalized soil depth. As shown in this figure, the 

normalized displacement at the break point is the same in all 

cases, irrespective of the depth of overburden, while the 

value of normalized trapdoor displacement is roughly the 

same in all cases at the minimum loading point and at the 

end of the test. The numerical results are in full agreement 

with experimental data at the break point and end of each 

test.  

Figure 7 and Figure 8 represent horizontal and vertical stress 

evolution during the trapdoor test, respectively, for a 7 cm 

soil layer height. Tensile stress is assumed to be positive. As 

shown in Figure 7, with the downward movement of the 

trapdoor, the compressive horizontal stress in the soil above 

the trapdoor increased significantly due to the soil arching. 

However, a small portion of the soil next to the trapdoor does 

not participate in the load transfer. In this thin layer of soil, 

the compressive horizontal stress is reduced. As Figure 8 

illustrates, the vertical stress above the trapdoor reduces 

significantly during the downward movement of the 

trapdoor, while the vertical stress at both sides of the 

trapdoor increases due to arching of soil particles. As 

Figures 7-8 show, the detailed process of stress transfer due 

to arching during the trapdoor test can be evaluated using the 

MLS-MPM method. The numerical stress fields agree with 

the formation of triangular-shaped arch after medium 

relative displacements and mobilization of a prism of soil 

after large relative displacements of the trapdoor. 

 

 

 

 

 

Fig. 7: Horizontal stress (Pa) during trapdoor test 

 

-42500      -28300      -14200     0 
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Fig. 8: Vertical stress (Pa) during trapdoor test 

4. Conclusions 

This paper uses the MLS-MPM method to numerically 

simulate the arching of soil grains during the trapdoor test. 

Large deformation of soil was considered during the plastic 

phase of deformation. Non-associated Mohr-Coulomb 

plasticity was enhanced to capture strain 

hardening/softening typically seen in granular soils. The 

proposed method was validated against centrifuge trapdoor 

tests. Results of the numerical model exhibited strong 

agreement with experimental data. The numerical stress 

fields agreed with the formation of triangular shaped arch 

after medium relative displacements and mobilization of a 

prism of soil after large relative displacements of the 

trapdoor. It was shown that using MLS-MPM, the 

mechanical behaviour of the soil can be described 

throughout the trapdoor test.  
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