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Abstract: 

Concrete is the most popular building material in the worldwide. However, its low tensile 

strength causes cracks to initiate in the low step of loading. Today, fibers of various types are 

used in concrete mixtures to improve the behavior of it. However, the behavior of fiber-

reinforced concrete has been studied frequently but a numerical model that can predict the 

behavior of fiber-reinforced concrete well is under research. In this research, the integration 

algorithm of the structural equations and the implementation of the William-Warnke behavioral 

model for fiber-reinforced concrete are presented. The aforementioned behavioral model is 

coded and linked to ABQUS software as a subprogram and used in the analysis of boundary 

value problems. To carry out validation, several real triaxial tests have been simulated and 

compared with the results of real tests. The results show that the coded model simulates the 

laboratory behavior of fiber-reinforced concrete as well and can be used in modeling real 

projects. 

D

1. Introduction 

Concrete is widely used in construction and its global usage 

has been increasing. Traditional concrete often develops 

cracks due to its limited tensile strength and low shear 

strength, making it vulnerable to brittle failure under tension 

and shear if not reinforced. To prevent these failures, 

concrete needs adequate reinforcement, which is commonly 

achieved by using fibers. These fibers can be used as a 

substitute for or in conjunction with traditional steel 

reinforcement [1]. Extensive research studies have been 

carried out to address limitations and reduce dependency on 

steel reinforcing; however, the majority of innovations 

published so far are successful in using fiber-reinforced 

concrete (FRC) for effective reinforcement of concrete 

properties. [2, 3, 4, 5]. 

Nowadays, fiber concrete is commonly used in engineering 

structures such as high-rise buildings, bridges, dams, 

tunnels, and nuclear power plants. Steel, PP polypropylene, 

PE polyethylene, PVA Polyvinyl Alcohol, basalt fibers, 
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carbon fiber, glass fiber, and aramid fiber are the most 

important fibers in use today [6]. Studies have demonstrated 

that incorporating fibers into concrete significantly enhances 

the flexibility of structural elements. Furthermore, it 

improves the environment for initiating cracks, toughness, 

maximum strength, resilience to impact and explosion, and 

shear resistance [1-6].  
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(b) 

 
(c) 

 
(d) 

Fig. 1: Prospective features, (a) steel fiber, (b) PVA, (c) glass 

fiber, (d) polypropylene fibers [7]. 

Cucchiara, C. et al. in 2004 [8] investigated the effect of steel 

fibers on concrete shear strength. For this purpose, a four-

point bending beam was tested, and depending on the 

amount of transverse rebar available, it was 0, 1, and 2%. 

Fibers were added to the mixture and the shear and bending 

failure mechanism was studied. The results showed that by 

using fibers the failure mechanism changes from shear to 

bending . 

Dancygier, A. N. et al. [9] investigated the bending behavior 

of high-strength concrete that is reinforced with steel fibers 

and low rebar percentage. In their research, the specimens 

with 200*300*3900 mm were used for a four-point bending 

test and the volume of fiber was 0.75 percent. The results 

showed that by using steel fibers the failure mechanism 

changes from shear failure to bending one and the ductility 

of specimens has increased. 

Holschemacher, K. et al. [10] investigated the effect of steel 

fibers on the mechanical behavior of high-strength concrete. 

The purpose of this study was the effect of the steel fibers on 

the bending and tension behavior of concrete. Three types of 

steel fibers including zigzag, smooth, and hook types were 

used in FRC. 
Steel fibers can cause ductile behavior in high-strength 

concrete after cracking. In the concrete beams with smooth 

steel fibers, the fibers did not fail during the test but were 

pulled out from the concrete, while in the concrete that was 

reinforced with zigzag steel fibers, the fibers ruptured during 

the test without pulling out from the concrete. In the concrete 

beam samples that were reinforced with 0 and 20 kg/m3, 

steel fiber shear failure occurred and for the samples with 40 

kg/m3 and without steel rebar the failure was compression 

type. For samples with longitudinal rebar and 60 kg/m3 steel 

fibers, the failure was bending and compression type. 

Olivito, R. S. [11] experimentally studied the uniaxial 

compression, tension, and bending strength of steel fiber 

reinforced by a four-point bending test. The steel fibers with 

22, 30, and 40 mm lengths and 1 and 2 percent volume have 

been used in concrete mix and beam samples with 

150x150x600 mm dimensions constructed for a four-point 

bending test. The results showed that because of an increase 

in the volume and length of the fiber, the ductility and energy 

absorption of the beam increased along with cracking. 

Beams with short steel fibers showed a softer behavior than 

beams with long fibers [11]. 

Ding, Y., and colleagues conducted a study in 2011 to 

explore how the combination of steel fibers and stirrups 

affects the shear behavior of fresh Self-Consolidating 

Concrete (SCC). Their findings suggest that increasing the 

fiber content notably enhances the shear strength. Moreover, 

adding steel fibers in appropriate proportions can shift the 

failure mode from a brittle shear collapse to a more flexible 

bending mechanism. This study also suggests that steel 

fibers can partially replace stirrups in this context [12]. 
Steel fibers increase the tensile strength of FRC and PP 

fibers prevent the explosive failure of FRC at high 

temperatures. Other fibers also affect the performance of 

FRC exposed to high temperatures. Considering that 

different fibers have different effects on the performance of 

concrete, it is better to use a combination of fibers today. 

In Steel Fiber Reinforced Concrete (SFRC) beams lacking 

transverse reinforcement, four main mechanisms are 

responsible for resisting the total shear force. These include 

the compressed concrete in the compression zone, aggregate 

interlocking through the aggregate interface at the critical 

diagonal crack, dowel action by the longitudinal tension 

reinforcement, and steel fibers bridging the critical diagonal 

crack [13]. 

Due to relative progress in fiber-reinforced concrete 

manufacturing technology in recent decades, it has led to a 
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demand for sophisticated behavioral models that can 

accurately simulate and describe the performance of fiber-

reinforced concrete under different load conditions. So far, 

considerable efforts have been dedicated to the development 

of behavioral models for both normal concrete and high-

strength concrete [14, 15, 16, 17, 18, 19, 20, 21]. These 

researches include behavioral models that have been 

presented by using theories such as models based on the 

theory of plasticity, destruction models, micro-level models, 

and separate models. A variety of behavioral models have 

been extended to fiber-reinforced concrete with metal fibers 

by applying existing conventional models for conventional 

concrete [2, 22, 23, 24,]. The comparison between 

laboratory results and numerical simulations in complex 

problems shows that the use of estimated and calibrated 

behavioral models (behavioral models suitable for other 

materials that are calibrated from the stress paths for fiber 

concrete) leads to very imprecise results in expressing the 

behavior of fiber concrete [25, 26, 27, 28]. The study of 

previous research shows that a suitable behavioral model for 

fiber concrete should be affected by the physical and 

mechanical characteristics as well as the volume of the fibers 

used [29, 30, 31]. One of the effective behavioral models for 

predicting the behavior of normal concrete is the five-

parameter William-Warnke behavioral model, which is 

included in commercial finite element software and used for 

modeling concrete structures. [32].  

Yin Chi et al. [25] have presented a model that can be used 

for fiber concrete by using the effect of fiber characteristics 

on yield and hardening laws of the William-Warnke model. 

They showed that the behavior of fiber concrete compared 

to ordinary concrete shows certain complications such as 

strain softening/hardening, volume expansion, dependence 

on all-around pressure, etc., and is affected by the 

characteristics.  

Slater, E. et al. [33] utilized a substantial database 

comprising 222 shear strength tests of steel fiber reinforced 

concrete beams (SFRC) without stirrups to formulate 

equations for forecasting the shear strength of concrete 

beams. Their research revealed that the linear regression 

equations derived from the SFRC database were successful 

in accurately forecasting shear strength when compared to 

previously proposed models. 

Negi B. S. et al. [13] put forward a mechanics-based 

mathematical model that takes into account all shear-

resisting mechanisms to predict the shear strength of steel 

fiber-reinforced concrete beams, along with recommending 

the contribution of each shear-resisting mechanism. On the 

other hand, Sabetifar et al. [34] introduced a semi-empirical 

model that utilizes the gene expression programming (GEP) 

technique to estimate the ultimate shear strength of steel 

fiber-reinforced concrete (SFRC) beams without shear 

reinforcement. 

In this research, the implementation and structural 

integration algorithm of the behavioral model developed by 

William-Warnke for fiber concrete and have been 

introduced by Yin Chi et al. [45] investigated. Finally, the 

aforementioned behavioral model was coded as a UMAT 

subprogram and introduced to ABAQUS finite element 

software, verified by simulating real tri-axial tests and 

comparing them with experimental data, and used in 

problem analysis. 

2. Constitutive behavior of FRC 

For normal concrete, many constitutive models, by 

considering many theories such as the theory of plasticity, 

concrete damage plasticity model and micro-plane models 

have been introduced that can show the behavioral 

properties of concrete. The current equations of normal 

concrete can be considered as the basis of constitutive 

models for FRC. Some of these equations that have been 

introduced in the finite element software make it possible for 

researchers to use these models in the investigation of the 

mechanical behavior of concrete. 
In recent decades, many studies have been done to 

investigate the behavior of FRC under multi-axial stresses 

and developing constitutive models [16,35  ]. Pantazopoulou, 

S. J. et al. investigated the triaxial behavior of FRC for the 

first time in 2001 and developed the constitutive properties 

of FRC following the fiber type, fiber percentage, load path, 

test condition, and sample size through experiments on 250 

samples [36]. Farnam, Y. et al. in 2010 investigated the 

effect of lateral pressure increase on the ductility and plastic 

behavior of  FRC [37]. Also, Fi Jiang et al. experimentally 

worked on FRC under a variety of uniform loading protocols 

with different confinement pressures and completed the 

stress path [38]. Complications of triaxial tests and 

dependence of test results on very parameters necessitate the 

use of constitutive equations for accurate modeling of the 

FRC behavior under multi-axial stresses [14, 24, 39, 40]. 

Another model that has been introduced for modeling 

concrete behavior is the five-parameter William-Warnke 

model, which is one of the most advanced and accurate 

models to simulate concrete behavior but has not been 

introduced in finite element software and is not usable [41]. 

In the study that Yin and Chia did on the behavior of triaxial 

behaviors of FRC at Nottingham University in 2012, they 

achieved a variety of equations for the FRC constitutive 

model. In this study, the steel fibers were used in 

combination with Polypropylene fibers to improve the 
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behavior of concrete, and the five-parameter William- 

Warnke model was used for modeling concrete [42]. 

Based on the results of the Barcelona test and considering 

concrete tension strength, Blanco, A. et al., proposed 

constitutive equations for concrete and compared the results 

of numerical modeling with the experimental ones and the 

euro code [43]. 

Mihai, I. C. et al. have presented the constitutive model of 

concrete based on the concrete damage plasticity method. 

This model was based on sub-models mechanical behavior 

to model crack direction, crack surface performance, and 

translating the crack by fibers through both sides of sub-

crack.  In their study, the developed constitutive models 

were based on the concrete strength after cracking of fiber-

reinforced concrete in the bending test [44]. 

Chi, Y. et al. [42] developed a plasticity constitutive model 

for hybrid steel-polypropylene fiber reinforced concrete 

(HFRC) based on 75 true triaxial compression tests on cubic 

specimens to predict the strength and deformation of HFRC 

under various loading conditions. In their study, they 

modified a five-parameter Willam-Warnke failure surface to 

account for the presence of hybrid fibers. The loading 

surface's evolution is characterized by uncoupled hardening 

and softening regimes determined by the accumulated 

equivalent plastic strain and a Drucker-Prager non-

associated plastic flow is employed to describe the plastic 

deformation [45]. 

 A model by Liang, X. et al. was developed for the numerical 

investigation of FRC. In this model, the mechanical model 

of concrete and fibers is considered separately and the 

interaction between fibers and concrete is modeled by the 

fiber interaction surface [46]. 

 According to the author’s knowledge and research, there is 

not any predefined FRC behavior model in the popular finite 

element software such as ATENA, ANSYS, and ABAQUS, 

so yet. So, in this study, the FRC behavior model in the form 

of user subroutine code is introduced to ABAQUS finite 

element software. 

2.1 Developed William -Warnke five parameters model 

for FRC 

As said, in this study, the FRC behavior model in the form 

of user subroutine code is introduced to ABAQUS finite 

element software. The general algorithm of ABAQUS 

software using UMAT is shown in Figure 2.  

2.2 The behavioral model of William-Warnke for fiber 

concrete 

In formulating the rupture criterion for concrete under multi-

axial stresses, it should be noted that the selected criterion is 

under the basic laws of thermodynamics, and also based on 

the laboratory results. It should be a correct estimate of 

rupture. Many rupture criteria have been proposed to check 

concrete under multi-axial stresses, but the developed five-

parameter William-Warnke model for fiber concrete 

(HFRC-WW) is more realistic and has better compliance 

with laboratory results [25]. In this model, the effects of fiber 

addition are applied through the fiber index parameter (FRI), 

which can consider the effect of steel and polymer fibers. 

Also, the physical and geometric characteristics and the 

weight percentage of the fibers used in the behavioral model 

(HFRC-WW) are effective. 

 

Fig. 2: The general algorithm of ABAQUS solver using UMAT 

[47] 

2.3 Yield surface 
The yield surface of the five-parameter William-Warnke 

generalized behavioral model for fiber concrete in 

Westergaard coordinates is as follows [25]: 

(1) 2( , , ) 2 ( ) ( , ) 0hf

pf J K      = − =  

Where ( )
p

K  is the hardening/softening parameter that 

defines the increase of strength  during hardening and the 

strength deterioration during softening. This is a function of  
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Which 
hf
c is a compressive meridian and is defined as 

follows: 

(3) 

2

0 1 2' ' '

hf hf

c c

cu cu cu

b b b
f f f

   
= + +  

 
 

Also
hf
t , the tension meridian is defined as follows : 
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(4) 

2

0 1 2' ' '

hf hf

t t

cu cu cu

a a a
f f f

   
= + +  

 
 

In equation 1, 
2

1

2
ij ijJ s s=  is the second invariant of the 

deviatoric stress tensor and 1

3

I
 = , and 

1 11 22 33I   = + +  

is the first invariant of the stress tensor, also 

3 2 1

2

2
cos

2 3 J

  


− −
=  is the Ladd angle in which

3 2 1
    . 

In the above relations, 0a   1b   ،  0b ، 2a   ، 1a   ،and 2b  are the 

basic parameters of the five-parameter William-Warnke 

model. It should be noted that by applying the condition of 

the intersection of the compressive and tensile meridian at a 

point of the hydrostatic axis, the number of parameters is 

reduced to 5 [14] . In equation 2, hf

c and hf

t  apply the 

effects of adding fibers in the shape of the yield surface and 

are defined by the following relations [47] : 

(5) 
hf

t t tk =  

Plastic strain and takes values between 0K  to 1. Before any 

plastic deformation occurs,  the hardening parameter keeps a 

constant value of  K, defining the initial yield surface that 

bounds  the elastic region. In addition, the function ( , )    

defines the parabolic shape of the meridian, which is 

interpolated between the compressive and tensile meridian 

by the Lode angle 0 =  and is calculated by the following 

relationship : 

(6) 
hf

c c ck =  

As shown in Figure 3, the yielding procedure of the 

developed HFRC-WW model is in the form of a convex 

cone in the main stress space and in the form of a rounded 

triangle in the deviatoric π-plane. 

2.4 Plastic potential surface with non-associated flow 

rule 

Determining the plastic strain tensor (the increment of 

plastic strain) plays a significant role in predicting material 

behavior because it is assumed that most plasticity 

parameters are a function of plastic strain. For concrete and 

other materials whose behavior depends on hydrostatic 

stress, generally, non-associated flow roles have been used 

[14]. At the WW-HFRC, the non-associated flow rule is 

used for fiber-reinforced concrete. The plastic potential 

function that is used in this model in the Westergaard 

coordinate for the plain concrete proposed on the base 

Grassl, P. et al. [20] model is as follows: 

(7) 
2

( , ) ( , ) 0g A B      = + + =  

The parameters of A and B in the plastic potential function, 

are calculated based on the value of axial strain at the 

maximum loading point of the axial pressure test and also 

plastic strain at the maximum stress of the triaxial pressure 

test [20]. 

 

 

Fig. 3: The yield surface of the WWFRC constitutive model 

in the space of principal stresses. 

2.5 Implementation of the behavioral model 

The implementation of the behavioral model is done in the 

form of the UMAT subprogram, which is linked to the 

ABAQUS software. Integrating constitutive functions has 

been done using Euler's second-order explicit method, 

which is known as the substep method. In the substep 

method, using automatic division as an error control, the 

strain development is divided into some small steps and 

integrated from the constitutive equations, and the 

appropriate size of each step is determined through the 

modified Euler formula and compared with the defined error 

rate. In this study, for the integration of constitutive 

equations, the explicit step method based on the method 

proposed by Sloan et al. [48] was used. After integrating the 

constitutive equations and updating the stress position of the 

applied strain, finally, the elastoplastic tensor according to 

equation (8) is returned to the ABAQUS software, and the 

general equilibrium equation is solved in the form of 

nonlinear finite elements using the Newton-Raphson 

iteration method. 

(8) 

T

e e

ijmn pqkl

mn pqep e

ijkl ijkl T

e

rstu p

pq tu ijij

G F
C C

C C

F G F K G
C

K

 

  

   
      

= − 
      

−         

 

 



                                                                                            

A. Naserifar                                                                                       Numerical Methods in Civil Engineering, 9-3 (2025) 63-74 

 

68 

 

Ce is the elastic tensor of the material and is determined 

based on Hooke's rule, F is the yield function, G is the plastic 

potential function, and K is the hardening parameter. 

2.6 Integration algorithm of HFRC-WW by sub-step 

method 

The integration algorithm of the constitutive equations of the 

HFRC-WW behavior model for the increment of the applied 

strain tot

kl  in the time step t  is summarized below: 

2.6.1 Prediction of the elastic strain 

The entire increment of the applied strain is assumed to be 

elastic and its position on the yield surface is checked (FTOL 

is defined as user-oriented acceptable zero and a number 

between 10^6 and 10^12 is chosen). 

e e eC  =                                                                      (9)    

0 0

0

: ( , )  e

e

new

IF F K elastic steFTO pL 

  

+  

= +
                (10) 

2.6.2 Calculation of the location of the collision point 

of the elastic test stress with yield surface 

If the applied strain increment caused plastic deformation, in 

other words, if
0 0

( , )
e

FTOLF K +   , so the point of 

stress inclusion on the yield surface should be calculated. 

For this purpose, the below nonlinear equation is solved with 

iteration method and the value of scalar parameter α is 

calculated. 

0 0 0( , ) ( , ) 0e

intersectionF C K F K   +  = =                     (11) 

In the above equation, if 0 = , it means that  has led to 

a plastic deformation, and if 1 = it means that the 

deformation is completely elastic. For a transition from 

elastic to plastic state we have: 0< <1 and the elastic part 

of the stress development is obtained from the relation
eC  . 

Equation 11 defines a nonlinear equation with the variable 

  that could be solved with different numerical methods 

such as the Secant method, Newton-Raphson method, etc. 

Newton-Raphson and Secant methods have a fast 

convergence rate but may cause divergence in some cases 

because they do not limit the solution to specific values of

 . The Pegasus method presented by Dowell et al. is 

ideally suited for solving yield surface collision problems 

defined in equation (11) [49]. Since this method converges 

indefinitely, it does not need to use a derivative and 

converges in several finite steps. 

2.7 Integration of constitutive equations and update of 

stress 

For the increment of the applied strain  , the structural 

equations that are integrated at each Gauss point of each 

element will be as follows: 

STEP 1: Considering the initial quantity 0T =  and 1T =  

STEP 2: Until <1T  repeat steps 3 to 10, 

STEP 3: Calculate
a , 

b , aK and bK based on this 

equation: 

     

(12) 

0

0 0 0 0

2

3

T

e

a T

e

p

F
C

F G F G
C H

K


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 

 
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(14) 
0

2

3
a a p

G
K H


 = 


 

(15) 0a a  = +  

(16) 0a aK K K= +  
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3
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(18) 

e e

b b

a

G
TC C 


 =   −





 

(19) 

2

3
b b p

a

G
K H




 = 


 

 STEP 4: Calculate new values of stresses and hardening 

parameters and save them in the permanent memory by 

following the equations below: 

(20) 0
2

a b

b

 
 

 +
= +  

(21) 0
2

a b

b

K K
K K

 +
= +  

STEP 5: Determining the relative error for the current sub-

step using the following relationship: 
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(22) 
max , ,

2 2

b a b a

n

b b

K K
R EEPS

K

 



  −  − 
=  

  
 

In the above equation, EEPS is equal to the minimum 

acceptable error for the machine (for example 10^-14). 

STEP 6: If R >
n

STOL  (STOL is the acceptable error for 

Euler's second-order estimation tolerance and is usually a 

number between 10-3 and 10-6). This means that the current 

sub-step fails and a smaller relative time factor should be 

selected using interpolation: 

      (23) 
max 0.9 ,0.1

n

STOL
q

R

  
=  

  
 

      (24) 
  3 5

min min
ax , ;      10   10T m q T T T to

− −
     =  

Return to step 3. 

STEP 7: If, R < 
n

STOL , the sub-step is ended successfully 

and the amount of stress and the hardening parameter are 

updated based on these equations: 

(25) 
b =  

(26) bK K=  

 

STEP 8: If ( , ) >
b b

F k FTOL , 1), then the stress correction 

should be done using the error correction algorithm and 

finally the stress and hardening parameter should be placed 

on the yield surface (These steps are performed in a repeated 

cycle).  

STEP 8.1: Selection of stress and hardening parameter 

values as input: 

(27) 
inp b =    

(28) 
inp bK K=  

STEP 8.2: Calculation of the plastic coefficient: 

 (29) 

( , )

2

3

inp inp

T

e

p

inp inp inp

F K

F G F G
C H

K






 =
    

−       

 

STEP 8.3: Update of stress and hardening parameter values: 

(30) 
2

3 inp

G
K 




 = 


 

(31) 
inpK K K= +   

(32) 
e

inp

inp

G
C  




= − 


 

STEP 8.4: If ( , ) > ( , )inp inpF K F K  , then the correction 

of step 8.3 is canceled and the below correction is used: 

(33) 

( , )inp inp

inp

inp T

inp inp

F
F K

F F




 

 

 
   

= −
  
    

 

(34) 
inpK K=  

 

STEP 8.5: If ( , ) <F K FTOL  then go to the step 8.7, 

otherwise continue with the steps. 

(35) 
inp =  

(36) 
inpK K=  

STEP 8.6: Return to step 8.1 

STEP 8.7: Selection of final values of stress and hardening 

parameter: 

(37) new =  

(38) newK K=  

STEP 9: Calculate the sub-step size for the next iteration 

using the relation : 

(39) 
min 0.9 ,1.1

n

STOL
q

R

  
=  

  

 

STEP 9.1: If the previous iteration has failed, the growth 

value of q is limited according to the following relationship 

(40)  min q,1q =
 

STEP 9.2: The virtual time step size is updated and the new 

sub-step size is calculated and controlled according to the 

following relationships : 

(41) 
T q T    

(42) T T T +  

(43) 
 minmax ,T T T     

(44) 
 min ,1T T T   −  
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STEP 10: Output with updated stress and hardening 

parameter values at the end of virtual time step T=1 . 

In this way, by the introduced algorithm, the UMAT 

subprogram is coded in FORTRAN language and introduced 

to the ABAQUS software to be used during the analysis in 

the solution cycle. 

3. Verification of WW-HFRC behavioral 

model 

Any newly developed constitutive models of material should 

be investigated and verified based on test results under 

different stress paths, boundary conditions, and initial 

conditions through computer coding and modeling. In this 

study, uniaxial and true triaxial test results that were done by 

Chi et al. [25] were used for verification of the WW-HFRC 

constitutive model. So, the ABAQUS finite element 

software is used to simulate these tests, and the UMAT 

subprogram is coded in FORTRAN and introduced to the 

ABAQUS software. 

3.1 Specifications of the samples 

The mixing of the concrete samples tested under the 28-day 

strength of the fiber-free sample with a compressive strength 

of 60 Mpa is planned. In the samples with steel fibers, the 

same mixing design with a compressive strength of 60 MPa 

(C60), with fiber percentages of 0.5, 1, and 1.5% with an 

aspect ratio (length to diameter) of 30 was used. Finally, 75 

samples were taken and tested after 28 days. The tests were 

carried out on the real three-axis device shown in Figure 4. 

 

 

Fig. 4: The real triaxial test device of Chi et al.'s experiments 

[42] 

3.2 Behavioral model parameters 
Considering that the HFRC-WW behavior model has 12 

independent parameters to define the behavior of concrete, 

the necessary parameters should be calibrated through tests. 

The coded model was based on the William-Warnke 5- 

parameter model. Seow et al. [29] have calibrated the 

parameters of the William-Warnke five-parameter model for 

fiber concrete in the order of Table 1 in a comprehensive 

study . 

Table 1: The main parameters of the five-parameter William-

Warnke model for fiber concrete. 

b2 a2 b1 a1 a0 = b0 

− 0.1746 − 0.1597 − 0.788 − 1.455 0.1732 

 

To validate the coded model, real triaxial tests on a cubic 

sample with steel fiber percentages of 0.5, 1, and 1.5 have 

been used, which are related to Yin Chi's doctoral thesis, 

which is named in his thesis as the sample SA05, SA10 and 

SA15 are shown. According to his report, the modulus of 

elasticity and Poisson's ratio are 39000 MPa and 0.23 

respectively. The effect of adding metal fibers in the HFRC-

WW behavior model is determined by the parameter λsf, 

which is called the fiber reinforcement index (FRI). 

According to the relationships presented in the appendix, the 

parameters a, b, and εc are related to the hardening/softening 

of the model. The internal parameters of the HFRC-WW 

model are also presented in Table (2). Also, the initial value 

of the hardening parameter is K0=0.4. The parameters 

related to the plastic potential function are presented based 

on the study of Yin Chi et al. [47]. 

Table 2: Internal parameters of HFRC-WW model for 

samples C60, SA05, SA10, SA15. 

SA15 SA10 SA05 C60  

0.45 0.30 0.15 0 λsf 

1.0252 1.0168 1.0084 1 kc 

1.036 1.024 1.012 1 kt 

1.142 1.145 1.121 1.099 a 

0.12429 0.12479 0.12675 0.12865 b 

0.00213 0.00210 0.00207 0.00204 εc 

-12.26 -16.1 -16.94 -11.25 A 

0.12 0.135 0.165 0.092 B 

 

  3.3 Simulation of the tests in the ABAQUS 

The dimensions of the cubic samples are 15 cm according to 

the real samples (Figure 5-a) and the boundary conditions 

are applied to the sample according to the real triaxial 

device. The loading pattern in the real triaxial test as well as 

the simulation with ABAQUS is according to Figure 5-b. 8-

node cubic elements with 8 Gauss points are used for 

modeling . 
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(a)  (b) 

Fig. 5: (a) Boundary conditions and loading of uniaxial cubic specimen in simulation with ABAQUS and (b) Loading pattern of 

cubic specimen in true triaxial test 

 

 
 

(a)  (b)  

Fig. 6: Comparison of stress-strain diagram of a real triaxial test and ABAQUS simulation with coded behavioral model. (a) For sample 

C60 and (b) for samples SA05, SA10, and SA15 with lateral stresses of 4 and 15 MPa . 
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(a) (b) 

Fig. 7: Comparison of stress-strain diagram of a real triaxial test and ABAQUS simulation with coded behavioral model. 

 (a) For sample C60 and (b) for samples SA05, SA10 and SA15 with lateral stresses of 3 and 20 MPa 

The simulation of tests of samples SA05, SA10, and SA15 

has been carried out for 2 sets of real triaxial tests with lateral 

stresses of 4 and 15 MPa as well as lateral stresses of 3 and 

20 MPa. Figure 6 shows the modeling results of real tri-axial 

tests with lateral stresses of 4 and 15 MPa, and also 

presented in Figure 7 for lateral stresses of 3 and 20 MPa. It 

is noted that the behavioral model has a very high ability to 

simulate the behavior of fiber concrete and has shown soft 

and ductile failure well, and it can simulate the softening 

after failure . 

4. Conclusion 

In this research, the algorithm of integration and 

implementation of the generalized behavior model for fiber 

concrete was presented using the sub-step method. By using 

the presented algorithm, it was possible to create a tool for 

accurately simulating the behavior of fiber concrete 

following the experiments, and by adding the program to 

commercial software such as Abacus, it was possible to use 

it in projects related to the design of fiber concrete. 

Comparing the numerical simulation results using the 

nonlinear finite element method with the experimental 

results showed that the behavioral model can simulate the  

resistance behavior and deformation after fracture and 

softening until the residual strength is reached 
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