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Abstract:

Numerical modeling of problems with large deformations is one of the main challenges in
computational mechanics. Conventional numerical approaches cannot accurately model large
deformations. Recently, the material point method (MPM), which comprises advantages of
Eulerian and Lagrangian descriptions of movement, has been developed to solve complicated
numerical problems such as large deformations. In this paper, the MPM method is employed to
model the behavior of a soil mass behind a rigid retaining wall during active movement. It is the
first time that the accuracy of the MPM method has been evaluated in the modeling of retaining
walls with active movements. The accuracy and efficiency of the MPM are measured using two
small-scale physical modeling tests and an analytical approach (for translational motion). In
addition, a comparison between the results of the MPM and conventional FEM is provided. It
is shown that the MPM can model the arching effect in the soil media better than the FEM;
however, the material point method leads to smaller stresses on the wall compared to
experimental results. It is demonstrated that the employed MPM can accurately model arching
effects on the soil media behind the retaining walls with active movement. For transitional
movement, arching effects lead to the upward movement of the resultant horizontal force on the
wall, which occurs higher than 1/3H (H is the height of the wall). The achieved results indicate
that the traditional methods can lead to overestimated designs without considering arching
effects.
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1. Introduction

Determination of the soil lateral pressure on the retaining
walls is one of the classical problems in soil mechanics.
Coulomb and Rankine's theories, which have been
developed based on the limit equilibrium method, have
comprehensively been applied to calculate lateral soil
pressures. The Rankine theory neglects the roughness and
slope of the walls, and the Coulomb theory is not capable of
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considering the pattern of the stress distribution behind the
wall (Terzaghi, 1943 [1]). Based on the Rankine theory,
lateral soil pressure increases linearly by increasing the
depth of the soil media.

The experimental studies have revealed that the lateral soil
pressure behind the rigid retaining walls with transitional or
rotational movements will be nonlinear because of the
arching effects in the soil mass. The arching effect in the soil
media can be defined as transmitting some parts of the soil
pressures from an unstable soil wedge to a stable part of the
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soil mass; therefore, less pressure will be tolerated with
retaining walls (Patel & Deb, 2020 [2]).

In addition to the retaining walls, arching is a common
phenomenon in buried geotechnical structures such as
tunnels and group piles (Abbasnezhad & Sadrekarimi, 2008
[3], Li, 2018 [4]; Zhang et al., 2022 [5]). Redistribution of
the soil pressure induced by arching effects can influence the
tolerated forces in adjacent structures. Therefore, ignoring
the arching effects can make the design of geotechnical
projects conservative and expansive. In addition, arching
effects in the soil mass behind the retaining walls can affect
the location of the resultant lateral forces and, hence, can
induce mistakes in the calculation of the stability of these
structures (for example, in the calculation of the factor of
safety against overturning). Janssen (1895) [6] proposed the
arching theory based on the pressure of the granular
materials in the silos. Terzaghi (1943) [1] showed that the
maximum lateral earth pressure does not occur at the bottom
of the retaining walls. In this study, Terzaghi (1943) [1]
defined arching as the capability of transmitting shear
stresses from a part of the soil mass to a more stable part of
the soil. Frydman and Keissar (1987) [8] studied the
distribution of stresses behind the rigid walls under active
and in rest situations by applying some centrifuge
experiments. This study contains only rotational movement
of the rigid wall. It has been shown that the lateral soil
pressure on the wall has a nonlinear distribution. In addition,
it has been demonstrated that the resultant lateral force acts
higher than the one-third height of the bottom of the wall.
Chenghua et al. (2001) [9] proposed an analytical approach
to calculate lateral pressure on retaining walls. It was
assumed that the resultant lateral force would be equal to the
resultant force proposed by Coulomb. Paik and Salgado
(2003) [10] proposed an analytical approach to determine
the lateral pressure of soil media on retaining walls by
considering the distribution of lateral stresses corresponding
to a wedge of a circle (because of the arching effects).
However, such a distribution of stresses is not true for soil
mass; the simplicity of the relationships can be remained by
such an assumption. Handy and Spangler (2007) [11]
proposed an analytical method to calculate active earth
pressure by considering the effects of arching. It was
indicated that the linear distribution of lateral soil pressures
is not true, but the assumption of the linear distribution will
not result in significant errors in the design. Goel and Patra
(2008) [12] considered both translational and rotational rigid
movements of retaining walls to extract an analytical
solution to calculate lateral soil pressures in the presence of
arching effects. It was shown that the shape of the failure
surface not only depends on the amount of movement but
also depends on the interfacial friction between the wall and
soil media. Different researchers proposed other analytical
approaches to determine lateral soil pressures by considering
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the effects of the arching based on the aforementioned
methods (Pipatpongsa and Heng, 2010 [13], Dalvi & Pise,
2012 [14]). Various studies have been done to evaluate the
effects of different parameters on the behavior of retaining
walls and the soil media behind them. Bahmani Tajani et al.
(2022), Deng and Yang (2019) [15], Fathipour et al. (2022)
[16], Fathipour et al. (2021)[17], Shahrokhabadi et al. (2019)
[18], Liang et al. (2012)[19], Stanier and Tarantino (2010)
[20], and Sahoo and Ganesh (2017) [21], and Pufahl et al.
(1983) [22] investigated of the behavior od retaining walls
against horizontal pressure of unsaturated soils. In addition
to different saturation conditions of the soil media, some
other investigations have been applied using numerical
methods to evaluate effective parameters on the behavior of
(Veiskarami et al. 2023 [23], Mirmoazen et al. 2022 [24],
Payan et al. 2022 [25], Mirmoazen et al. 2021 [26],
Vahedifard et al. 2015 [27], Patki et al. 2015 [28], Vo and
Russell 2014 [29], Zhang et al. 2012 [30], Farajniya et al.
2022 [31], Zhao et al. 2009 [32], Soubra 2000 [33]). Besides
the static behavior, the seismic behavior of retaining walls
attracted lots of investigations, as well (Fathipour et al. 2021
[34, 35], Li et al. 2010 [36], Aalami et al. 2022 [37],
Veiskarami et al. 2019 [38]). Conventional numerical
approaches that have been developed based on the principles
of the continuum mechanics, such as the finite element
method (FEM), the finite differences method (FDM), and
the boundary element method (BEM), were undertaken to
model retaining walls in different studies (Nakai, 1985 [39],
Dasgupta et al. 2017 [40], Hajialilue-Bonab and Tohidvand
2015 [41], Hassanzadeh et al. 2018 [42], and Morgan et al.
2013 [43]). These methods have some drawbacks that make
them unsuitable for modeling some complicated
geotechnical problems. For example, in problems with large
deformations, mesh distortion can lead to inaccurate results.
However, the conventional continuum mechanics method
like the FEM or the FDM can be modified (for example, by
using geometrical nonlinearity) to model large
deformations; there are several issues in using such a
modified method as follows:

e The geometrical nonlinear method can be more
computationally ~ expensive  compared  to
conventional numerical methods like the FEM and
the FDM.

e The geometrical nonlinear method can lead to
singularity in the stiffness matrix, which can cause
numerical issues in calculations.

e Application of geometrical nonlinearity can reduce
the results of the material nonlinearity in the FEM
or the FDM.

Dealing with contacts in these methods also is not
straightforward. Harlow (1964) [44] proposed a method,
which was named the particle-in-cell method (PIC), to
model the flow of fluids. Sulsky and Schreyer (1994) [45]
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developed this particle-based method using the
discretization of the dynamic momentum equilibrium
equation for solid materials. By modifying, extending, and
developing the PIC method, a relatively novel approach was
proposed that is named the material point method (MPM)
these days. The main feature of the MPM is related to its
formulation, which employs both Lagrangian and Eulerian
descriptions of movement. Such a coupled Lagrangian-
Eulerian numerical approach can solve inherent problems of
the mesh-based approach like the conventional FEM. In
addition, dealing with multi-phase materials, contact
problems, and large deformations can be done using MPM
without extra effort based on its original formulation. A
detailed description of the equations of the MPM method is
presented in Section 2 of this paper. Different researchers
used the MPM method to solve various geotechnical
problems. Higo et al. (2010) [46] used a three-phase MPM
approach to study the mechanical behavior of unsaturated
soils. Wang et al. (2015) [47] the MPM method based on the
implicit formulation to make the application of the advanced
constitutive models easier. In the proposed implicit
formulation, there is not any restriction on the selection of
time steps, as well. Ceccato (2015) [48] used the MPM to
model a cone penetration problem, and it was shown that the
MPM could accurately model the deal large deformation
problem. Bolognin et al. (2017) [49] applied the MPM
approach to model the fluidization of a sandstone. Kiriyama
et al. (2018) [50] modeled the seismically induced
liquefaction of sands by the MPM using a two-phase
modeling approach. Giridharan et al. (2020) [51] developed
a hypoplastic constitutive model consistent with the MPM
formulation to model liquefaction of sands and compared the
results of the model with Hypoplastic constitutive relations
with the model with the UBCsand constitutive relations.

However, the material point method has been used to model
different geotechnical problems; there is not any study about
the accuracy and efficiency of this method in the simulation
of arching effects behind retaining walls. It has been
revealed by various studies that the traditional methods for
estimating of the earth pressure on creating walls could
result in estimation designs. Therefore, the MPM as a
capable method for large deformations could be considered
as a potentially efficient method for these problems. The
MPM could be used for any boundary value problem,
including passive retaining wall movement. However, MPM
is mostly efficient for calculating displacements rather than
stresses. In this paper, for the first time in the literature, the
MPM is used to model an active retaining wall. The one-
phase formulation is undertaken as the selected soils are dry,
and the classic Mohr-Coulomb constitutive model is used for
stress-strain relationships. The accuracy of the results is
compared with some analytical methods and experimental
approaches, and the feasibility of the MPM method in the
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modeling of retaining walls is discussed. The accuracy of the
results of the employed MPM method in considering arching
effects is studied, as well. The main aim of this study is the
evaluation of the efficiency and accuracy of the MPM
method in the modeling of active movement of the retaining
walls, including arching effects. As described in the paper,
arching effects can result in a reduction in the applied
stresses on the retaining wall. Therefore, traditional methods
like Coulomb or Rnkin methods can lead to overestimated
designs. Based on this description, the application of the
MPM method to the modeling of arching effects on the
earth-induced loads on the wall is discussed in the paper.

2. Numerical and experimental methods

2.1 Employed numerical approach

To describe movement in material, there are two main
numerical approaches. In the first one, which is named the
Eulerian description of movement, governing differential
equations are solved in a constant computational mesh. The
material can move through such a constant mesh; therefore,
the history of deformation for a certain particle cannot be
tracked in this approach. In the second approach, which is
called the Lagrangian method, the computational mesh is
attached to the material, and this mesh would be deformed
by the occurrence of deformation in the material. The main
disadvantage of the Lagrangian description of movement is
the mesh distortion in the problems with large deformations.
However, such a mesh distortion will be avoided in the
Eulerian description of movement; there are some
drawbacks in the Eulerian approach that can be summarized
as follows:

. Problems in the numerical modeling of material
with history-dependent behavior like soils.

. Problems in the definition of boundary conditions.
. Dealing with some terms in differential equations

makes solving them more complicated.

The material point method (MPM) has been developed to
use the advantages of the Eulerian and Lagrangian
description of movement. In this method, a constant
computational mesh and material properties are carried out
using some particles. The main differences between the
MPM and FEM can be considered as the integration scheme
of these methods. In the FEM, numerical integration is
performed using Gauss points. In the MPM, numerical
integration is done by using material points. As shown in
Figure 1, material points can move from one element to
another, whereas Gauss points have to remain inside the
element throughout the analysis.
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Fig. 1: An elastic beam under fixed static force at its end (b)
computational mesh and material points before applying force (c)
computational mesh and material points after applying force

Besides the great advantages of the MPM, this method has
some disadvantages that can be summarized as follows:
e The MPM is more computationally expensive
compared to the conventional FEM and FDM.
e The results of the MPM are more accurate in
displacements compared to stresses.
e Applying boundary conditions in the conventional
FEM and FDM is more accessible than the MPM.
The algorithm of the MPM can be summarized as follows:
Step 1. Construction of mass matrix, internal and external
force vectors.
It should be mentioned that for simplicity, instead of the
consistent mass matrix, the lumped mass matrix could be
used in the MPM. In this approach, Eq. (1) and Eg. (2) can
be used to determine the mass of each material point.

Myp = Pup 2up 1)
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_ el el xmp,el
Mlumped - ngznlle ?:Ole mp=1 NT(gMP) Mpyp (2)

In Eq. (1) mwme is the mass of each material point, py,p is the
mass density of the material, and Q,,p is the corresponding
volume of the selected MP. In Eq. (2) num, el is the number
of elements in the computational mesh, no, el is the number
of nodes in the element i, and mp, el is the number of
material points in the element i. In this equation, N7 (&) is
the shape function for the corresponding material point,
where &), denotes the location of the material point in the
local coordinates system.

Step 2. Solve momentum equilibrium equation to calculate
nodal accelerations

In this step, Eqg. (3) should be solved to determine nodal
accelerations.

af = ME(f* = f0) ®3)

In this equation, i is the number of nodes in the
computational mesh, and k is the corresponding time step.
Step 3. Calculate velocities of material points and update
nodal momentums.

By calculating the nodal accelerations, using the explicit
time integration approach and interpolation of the nodal
accelerations in the material points, velocities at the MPs can
be determined using Eqg. (4).

nod
VIIVI;l = UA]fIP + At Z?ﬂnno NiT(fMP) aik (4)

In Eq. (4), v is the velocity vector, and At is the time step.
Now, nodal momentums can be calculated using Eg. (5). In
this equation, p is the nodal momentum vector.

k+1 _ el MP T
Pi = ZZZ‘:"Ie %77:1 MmypN;” (Emp) 17M13kJr1 (%)

Step 4. Update nodal velocities.

Using the nodal momentums, velocities of nodes in
computational mesh for the current time step can be
achieved by Eg. (6).

k+1 Pk“
(= (6)

v
Step 5. Calculate increments of displacements in nodes.
Increments of displacements can be calculated using nodal
velocities by Eq. (7).

Auftt = At vFt? ©)
Step 6. Calculate strain increments

Using the matrix of B (which contains differentials of shape
functions with respect to spatial direction), which can be
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determined in the same manner as the finite element method,
increments of strains can be achieved as defined in Eq. (8).

A&E' = B(xyp)Auf*? 8)

Step 7. Update stresses using the constitutive model
Step 8. Update volume and density in material points using
Eg. (9) and Eg. (10)

Qk+1MP = -QkMP(l + Afuol,MP) (9)

k+1 — pkMP
p (10)

Mp 1+Af1inl,MP
Step 9. Update the location of material points using Eg. (11)
xipt = xigp + TN (Eup) Butf (11)

Step 10. Bring back the computational mesh to its initial
form, ignore nodal values, and carry out all material
properties by material points.

In this paper, the soil media is considered as a completely
dry sandy soil; therefore, single-phase simulation is
sufficient to model the mechanical behavior of the soil mass.
At step 7 of the described numerical algorithm, to calculate
the stress vector (using Voigt notation), a constitutive
relationship should be used. In this paper, the classical
Mohr-Coulomb constitutive model (elastic-perfectly plastic
model) is employed to determine the plastic behavior of the
soil mass. However, there are some advanced constitutive
models in the literature that can be applied to model the
behavior of soils; it should be considered that the main aim
of the paper is to evaluate the capabilities of the employed
numerical approach (MPM) in the calculation of soil
pressures on the retaining walls (not the adoption of
advanced constitutive models in the MPM). The described
algorithm is implemented in a MATLAB code to model the
behavior of soil media in the paper.

2.2 Experimental tests

To evaluate the accuracy of the employed MPM models, two
small-scale physical modeling tests are designed and
performed. The main features of the used apparatus and
applied tests are described in this section. Figure 2a shows
the used apparatus, and Figure 2b demonstrates the
schematic view and different parts of the apparatus. The
desired motions of the wall can be applied using controllable
step motors where the speed of the motors can be altered
from 0.00125 to 0.25mm/s. To measure the observed wall
motions, linear variable differential transformers (LVDT)
are used. It should be mentioned that as the length of the
model is large enough compared to its width (3 times), the
behavior of soil mass can be considered as plane strain
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deformation. The movement of the wall in the first applied
test is purely translational, while the movement in the second
test is considered purely rotational.

In this study, Firoozkuh No. 161 moderate sand is employed
as the soil material. The selected sandy soil is produced
industrially by crushing parent rocks and contains particles
with angular shapes. The main physical properties of the
sand particles can be found in previously applied studies (for
example, Tohidvand et al. [52 , 53]). The sand mechanical
properties for the aimed relative density (Dr=60% for this
study) are achieved using direct shear tests and reported in
Table 1. The soil container was filled using the dry sand
pluviation method to reach the considered relative density.
To consider wall deformation as an active movement, wall
deformation should be larger than 0.001H (H is the wall
height). In this research, all tests contain at least 0.006H
movement (Ax/H). Therefore, reaching the active stress
condition of the soil is promising.
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Fig. 2: (a) The employed apparatus for modeling the behavior of
soils behind retaining walls (b) schematic view of the apparatus
(c) grain size distribution of the used sand.

2.3 The used FEM model

In this paper, the second FEM model is employed to
simulate the behavior of the soil behind the considered
retaining walls, as well. The constitutive relations are
modeled the same as the MPM by the classical Mohr-
Coulomb constitutive model. Triangular six node-elements
are used with a mesh that is shown in Figure 3. The rigid
wall is modeled by beam elements in the FEM, while in the
MPM, the rigid wall is modeled using volumetric elements.

3. Results

To evaluate the accuracy of the MPM in the calculation of
the soil pressures on the retaining walls (by considering
arching effects), two examples are considered. Both
examples are modeled using small-scale physical modeling
tests (as described in section 2.2), and then the results of the
MPM are compared with the experimental results. Both
experimental and numerical approaches employed small-
scale physical modeling dimensions. However, in the 1g
physical modeling tests, stresses are small, and these tests
can only be scaled using geometrical scaling; as both
experiments and the numerical method use the same
dimensions, the results are comparable. The main issue
would be the conversion of the model results to the
prototype, while such a conversion was not applied in this
research. In addition, the results of the MPM are compared
with the previously proposed analytical approach by
Khosravi et al. (2016) [54]. This analytical approach is
selected because it has been calibrated with the same
physical modeling tests employed in this paper. Both
modeled retaining walls simulate an active deformation,
where in the first example, the translational movement of the
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wall is modeled, and in the second example, the rotational
movement is considered.
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Fig. 3: (a) Considered model for translational movement (b)
considered FEM model for rotational movement (c) a sample of
employed meshes.

3.1 Retaining wall with translational movement

The translational movement of a rigid retaining wall is
modeled using a simulation of a soil container with
dimensions of 60mx60m, as shown in Figure 4. The rigid
wall is modeled using volumetrical elements where the wall
has 10cm of width and 60cm of depth. The base of the model
is also modeled by volumetrical elements with a depth of
10cm and a length of 70cm. For translational movement, this
base is considered rigid, the same as the wall. The rigidity of
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the wall and base is ensured by selecting a high elastic
modulus for them compared to the soil mass (10000 times
larger). The selected material properties are detailed in Table
1. Four node 2D elements are used for computational mesh,
and both active (filled with material points) and inactive
elements (without any material point at the commencement
of the analysis) are employed, as shown in Figure. 4. The
achieved distribution of shear strains and normalized
horizontal stresses are shown in Figure 5.
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Fig. 4: MPM model for simulating the behavior of soil mass
behind retaining wall.

The normalized horizontal stresses are compared with the
results of the analytical method and the experimental test
Figure 6. This figure shows that the employed MPM is
capable of modeling arching effects as the resulting
horizontal stresses decrease by approaching the bottom of
the wall. In addition, the resultant horizontal force on the
wall occurred higher than the 1/3H (H is the height of the
wall) because of the arching effects.
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Fig. 5: Results of the MPM for rigid wall with translational
movement (a) distribution of shear strains (b) distribution of
normalized horizontal stresses (on/yH) (c) distribution of shear
strains in the soil mass in the experimental test achieved by the
PIV method.

The result of the FEM modeling is presented in Figure 7.
Comparing the result of MPM and FEM (Figure 5 and
Figure 7) shows that the FEM can model arching effects;
however, the MPM method has better convergence to the
analytical approach. Therefore, it can be stated that the
MPM has more accuracy in the calculation of the active
horizontal pressures on the retaining walls with translational
movements. In Table 1, soil strength properties were
achieved using direct shear tests, unit weight was
determined by performing sand elevation on a mold (with
known dimensions and volume) with different heights of
elevation, and the stiffness properties (elastic modulus and
Poisson's ratio were achieved using correlation relationships
between soil relative density and these parameters.
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Fig. 6: Comparison between the results of the MPM with the
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Table 1: Mechanical properties of the soil media
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Fig. 7: Results of the FEM (a) distribution of shear strains (b)
normalized horizontal pressure on the wall.

3.2 Retaining wall with rotational movement

In this section, the active rotational movement of a rigid
retaining wall is modeled using the MPM. The model has the
same dimensions as described in section 3.1. Therefore, the
same computational mesh is used. The rotation is considered
about the outer edge (point A in Figure 8) of the base of the
wall. Material properties of the soil mass are the same as
detailed in Table 1. The resulting distribution of shear strains
and normalized horizontal stresses are shown in Figure 9. As
the figure shows, the employed MPM efficiently modeled
the effects of arching, where the location of the resultant
force and distribution of the pressures on the wall are
different from the ones proposed by classical Rankine
theory.

Soi1l mass \

Retaining wall

0]
Point A

Fig. 8: Considered model for rotational movement of the rigid
wall.
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Fig. 9: Results of the MPM for rigid wall with rotational
movement (a) distribution of shear strains (b) distribution of
normalized horizontal stresses (on/yH) (c) distribution of shear
strains in the soil mass in the experimental test achieved by the
PIV method.

A comparison between the resulting normalized horizontal
stresses on the wall with the experimental and the FEM is
presented in Figures 11 and 12, respectively. As Figure 9 and
Figure 10 show, the results of the MPM have a good
agreement for shear strain distribution and less convergence
in the horizontal pressures compared to the experimental
results.

Figure 11 demonstrates the FEM is not capable of accurately
simulating pressures on the retaining wall for rotational
movement of the wall. Therefore, it can be stated that the
MPM can model arching effects for rigid retaining walls
with active rotational movements compared to FEM.
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normalized horizontal pressure on the wall.
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4. Conclusion

In this paper, the accuracy of the material point method in
the simulation of the behavior of soil media behind retaining
walls is evaluated for the first time in the literature. To this
aim, active translational and rotational movements of a rigid
retaining wall are considered. The retaining wall is modeled
using the small-scale physical modeling approach and finite
element method as well. The comparison between the results
indicates that the MPM is capable of modeling arching
effects in the soil media more accurately than the FEM.
However, the results of the MPM in the calculation of the
lateral pressures are smaller than the experimental results,
but well agreements are achieved compared to the analytical
approach for translational movement of the wall. For
rotational movement, the deviation from experimental
results is larger for lateral pressures; however, shear strain
distributions are in good agreement. The achieved results
indicate that, however, the MPM can model arching effects
in the soil mass for both translational and rotational
movements; the FEM cannot model arching effects for
rotational movement of the wall accurately.
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