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Abstract: 

Many recorded earthquakes in last few decades have shown that the damage distribution and 

seismic response of an area depend on source characteristics, the pathway of seismic waves, and 

also on local site conditions; These conditions can change the amplitude of displacement and 

the frequency properties of ground movement. Local site effects include geotechnical and 

topographical effects. Unfortunately, most modern seismic codes consider geotechnical effects, 

and those that consider topographical effects focus on simple geometries. However,other 

parameters such as wave characteristics are not taken into account. The main reason is the lack 

of quantitative amplification predicting methods and practical information in topography 

constructions. The present study evaluates 2D seismic site effects in empty valleys. Numerical 

analysis is carried out using HYBRID software. HYBRID is a nonlinear, two-phase, code for 

solving 2D problems of propagation of the waves; this software combines F.E.M in the near 

field and B.E.M in the far field. Empty valleys are modeled, with different shapes, including 

rectangle, triangle and trapezoid and with depth ratios equal to 1, 0.8, 0.6, 0.4, and 0.2.  Oblique 

SV waves of Ricker type are considered seismic solicitation and their angle of incidence varies 

from -90º to 90º every 10º. It is shown that the incidence angle can change the maximum 

amplification and the critical incidence angle of a half-space is changed by topography.

1. Introduction 
Many pieces of recorded evidence of historical earthquakes 

are available to prove the significant local site effects on the 

distribution and level of destruction [1,2]. Among them are 

the 1989 Loma Prieta earthquake [3], the 1994 Northridge 

earthquake [4,5], the 1995 Egion earthquake [6] and the 

1999 Athens earthquake [7]. Additionally, extreme 

accelerations reported at Pacoima dam (1.25g) as real 

instrumental evidence without destruction during San 

Fernando earthquake is [8]. It is generally recognized that 

seismic site effects are caused by topographic irregularities, 

the order of soil layers, the morphology of stratigraphic 

contacts, and the dynamic properties of the soils, which 

affect the wave propagation process [9-13]. Thus, the 

presence of a large irregularity like a canyon, ridge, hill, or 

slope changes the amplitude and frequency content of 

dimensional site effects which include the thickness and 

ground movement. Current seismic codes such as NEHRP 
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1994, 1997, IBC2000, and UBC1997 consider one- some 

characteristics of a homogenous sedimentary layer, 

moreover, wave propagation is assumed to be in a vertical 

direction [14]. 

A large number of studies have addressed topography issues 

based on different techniques [15,16]. Different points of 

view are used to categorize and review these investigations. 

Through a very frequently using classification, site effect 

studies are assumed to be conducted via experimental 

approach, analytically solved wave propagation problems, 

numerical analyses and empirical methods [17] 

(occasionally based on the problem limitations and available 

facilities) as presented in the following. 

Experimental estimation of site effects may be an alternative 

to represent what happens in real where other methods are 

not yet efficient enough to assess. it is divided into two main 

branches [18]: 1) reference site methods (RSM), in which a 

station in the absence of site effects is taken to form the 

classical spectral ratio; it has some subdivision methods too 

[19-21] and much work has done yet based on it [22-24]. 2) 

nonreference site methods which are especially suitable 

when finding a reference point is impossible [18]. As an 
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example, the horizontal-to-vertical spectral ratio (H/V) 

needs one station and employs vertical displacement as a 

reference. This method was introduced first by Nogoshi and 

Igarashi (1970) [25], popularized by Nakamura (1989) to 

study site response of S waves [26] and developed 

theoretically by Lermo and Chavez-Garcia (1993) using 

numerical modeling of SV waves [27] and applied in several 

publications using both earthquake waves and seismic 

noises [28-31]. 

Although the analytical approach is a closed-form solution 

for wave propagation problems, various complexities such 

as the geology, topography shapes and different wave types 

restrict this method from being applied to predict ground 

motion only in some simplified conditions and is used as a 

verification criterionto prove the capability of their own 

investigative methods [32].  One primary work in this field 

is the calculation of elastic wave motion in an isotropic half-

space when a point load is applied, as done by Lamb [33] in 

1904. Years after that, the problem was solved for a layered 

half-space using Green’s function [34,35] and Garvin [36] 

solved the problem for a line-load on an isotropic half-space. 

In 1950 Thomson introduced a matrix formulation technique 

for wave propagation in a layered medium [37]. Haskell 

Improved the formulations in 1953,1962 and 1963[38-41], 

therefore, the transfer matrix method became a systematic 

solution for governing equations in elastodynamic problems 

in a layered medium, and it was used several times by many 

researchers since then.  

There are three main numerical methods: domain methods, 

boundary methods, and hybrid methods. Each of them has 

certain advantagesover the others when used in a correct 

condition. 

The most frequently used domain methods to study 

topography effects are finite element methods (FEM) and 

finite difference methods (FDM). The FDM is easy to use, 

and its low calculation cost is an advantage, but it is hard to 

use in geometrically complicated problems [42]. The 

approach was initially used by Alterman and Karal in 1968 

to work on the propagation of waves in elastic media [43] 

and was used several times after [44-46]. 

Aki and Larner were pioneers in boundary methods. In 1970 

they introduced a semi-analytical/semi-numerical method 

[47] according to the formulation of Rayleigh for wave 

scattering in a layered medium. Boundary methods have 

been widely used by researchers. Bard and Bouchon (1980) 

[48,49] utilized this method to study sedimentary basins 

under P, SV, and SH waves. Geli et al. (1988) [50] employed 

this method in their numerical studies. Furthermore, 

Bouchon (1973) [51] and Bard (1982) [52] used this method 

to investigate the two-dimensional site effects.  In 

accordance with the BEM framework, the dimensionality of 

the problem is decreased by one. Additionally, it is feasible 

to precisely accommodate radiation boundary conditions, in 

the presence of a suitable Green’s function. 

A combination of two methods generates a hybrid method 

[53-62]. In 2002, Gatmiri et al. expanded the combination of 

the FEM and the BEM in a computer program called 

HYBRID to investigate the seismic response of two-

dimensional porous dry and saturated media [63-65]. 

Several topographies with different geological and 

geometrical conditions have been investigated by HYBRID 

code till now [66-76] but seismic waves have been 

considered to propagate vertically in most of them, for 

example: Le Pense et al. in 2011 [72] conducted a 

comparison between two-dimensional and one-dimensional 

site response. They initially obtained the amplification of a 

sediment layer placed on a half-space and compared and saw 

a match with analytical solution. Then, a criterion for 

classifying the 1D soil layer responses based on thickness 

and impedance ratio was proposed by them. Gatmiri and 

Foroutan conducted parametric studies on empty, full, and 

half-full alluvial valleys in 2012 [73] and classified valleys 

according to shape, depth ratio and impedance ration. 

Kamalian et al. 2007 investigated the seismic behavior of 

homogeneous and heterogeneous dual composite hills 

against vertical shear waves using the boundary element 

method in the time domain [74]. Gatmiri and Amini in 2014 

highlighted the importance of considering the shape and 

mechanical properties of sediment-filled valleys in assessing 

seismic hazards [75] and Gatmiri et al. gave some practical 

recommendations on this subject [76]. 

In this paper the incidence angle of seismic SV waves 

combined with geometrical parameters in empty valleys 

have been studied. HYBRID code is used as the numerical 

method [63-65], different shapes of valleys including 

rectangle, trapezoid and triangle have been modeled and 

various graphs presented and discussed as the results. 

2. Model setup 

2.1 Numerical method 

HYBRID code, developed by Gatmiri et al. in 2000 [63-65] 

uses FEM in the near field and BEM in the far field is used 

as the numerical method to calculate displacements across 

the valleys subjected to oblique SV waves. 

2.2 Geometrical Parameters 

The valleys are assumed to be free of sediments and take the 

form of rectangles, trapezoids, and triangles. The geometry 

of the valleys is shown in Figure 1, L equals to 100 m for all 

shapes, the dimensionless parameter H/L is called depth 

ratio and is taken 0.2, 0.4, 0.6, 0.8, and 1 for all three shapes 

and the 𝐿1/𝐿 parameter for rectangular, and trapezoidal and 

triangular valleys is taken 1, 0.4 and 0 respectively. 
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(a) (b) 

 

(c) 

Fig. 1: Geometrical characteristics of the valleys. (a) trapezoid; 

(b) rectangle; (c) tringle 

2.3 Incident wave characteristics 

Oblique SV waves of Ricker walvet type wave is considered 

in all models as a seismic signal, the equation (1) expresses 

the displacement imposed by the signal. 

𝑈(𝑡) = 𝐴0(𝑎
2 − 0.5)𝑒−𝑎

2
                                                   (1)  

  𝑎 = 𝜋
𝑡−𝑇𝑠

𝑇𝑝
                                                                       (2) 

In equation (2) 𝐴0, 𝑇𝑠 and 𝑇𝑝 are considered 1, 0.5 and 0.5 

respectively and the displacement diagram of the wave is 

shown in Figure 2. 

 
Fig. 2:   imposed displacement of Ricker wave 

The incidence angle of the waves is shown by α and 

measured with respect to the vertical axis, ranging from -90 

to 90 degrees, with a 10-degree interval. 

 

2.4 Mechanical parameters of the materials 

The material of the bedrock is assumed to be dry, linear 

elastic and homogeneous and the mechanical properties are 

shown in table 1. 

Table 1:  mechanical characteristics 

C (m/s) 𝝆 (𝒌𝒈/𝒎𝟑) υ E (Mpa) 

1000 2400 0.4 6720 

 

3. Results 

3.1 The effect of incidence angle of the waves on 

amplification across the valley 

According to the symmetry of the models, the two-

dimensional response of a point at a distance of x from the 

center of the valley and the incidence angle of α equals the 

response of a point at the distance of -x and the angle of -α. 

Therefore, by representing half of the valley at incidence 

angles ranging from -90 to 90 degrees, the response of all 

points within the valley can be obtained. the positive 

direction of the incident wave angle and the distance from 

the center is considered according to Figure 3. 

 
Fig. 3: The Positive incidence angle and distance from the center 

The amplification (Am) at a point is calculated as the ratio 

of the total displacement (resultant of horizontal and vertical 

displacements) at that point to the total displacement at a 

point far from the valley (no topographic effect). 

The Am graphs of the total displacement for different points 

in empty valleys are shown in the Appendix.  

• In each of the three shapes, rectangle, trapezoid, and 

triangle, each angle of wave incidence and at each depth the 

maximum amplification is seen at the edge of the valley. The 

magnitude of amplification varies with the change in angle 

of wave incidence and the depth ratio. 

• The variations trend of amplification with changes in angle 

of wave incidence are nearly similar for positive and 

negative angles but differ in magnitude.  

• The amplification pattern which Can be seen moving from 

the center of the valley towards the edge, varies with 

different angles of wave incidence. In some angles, Am 

increases as it moves from the center towards the edge 

(behavior 1), while in some angles it decreases (behavior 2). 

3.2 Combined effects of angularity of incident wave 

and offset 

In Figure 4, if Am (center) - Am (down edge) is positive, 

behavior 1 occurs, and if it is negative, behavior 2 occurs. 

This actually indicates the combined effect of the angle of 

wave radiation and offset. Regarding triangular valleys, due 

to the absence of a horizontal bottom surface (the center and 

lower edge of the valley are aligned), the mentioned graph 

is plotted as the difference between the upper and lower 

edges of the valley, and it is observed that they exhibit 
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behavior similar to ridges [66]. In other words, triangular 

valleys exhibit behavior 2 in almost all angles of wave 

incidence. 

 

(a) 

 
(b) 

 
(c) 

Fig. 4:  variation of ( 𝐴𝑐𝑒𝑛𝑡𝑒𝑟 − 𝐴𝑑𝑜𝑤𝑛 𝑒𝑑𝑔𝑒 )  as a function of (α), 

(a) rectangle; (b) trapezoid; (c) triangle 

3.3 Evaluation of critical points 

The influence of various parameters on displacement 

amplification has been investigated at the edge of valleys. 

The edge is identified as the most critical point in all cases, 

and the center of the valley, which typically has the 

minimum Am value, has been investigated in the following. 

3.3.1 The edge of the valley  

3.3.1.1 Effect of incidence angle of the waves 

The amplification diagram for empty valley edges is shown 

in Figure 5. The following results can be observed: 

• In all three valley shapes and at any depth ratio, the 

maximum amplification occurs at an angle of approximately 

10 degrees. 

• The magnification value increases with an increase in the 

depth ratio for any angle of wave incidence, α. 

• The rate of changing Am (as a function of α) increases, as 

the depth ratio increases. 

• As the angle deviates from 10 degrees, the amplification 

value decreases, but an increase in Am is observed as α 

approaches 90 degrees (more pronounced in triangular 

shapes) which is smaller than the maximum Am. This effect 

intensifies with the influence of topography [66], resulting 

in a greater increase in rectangular shapes than trapezoidal 

shapes, and greater in trapezoidal shapes than triangular 

shapes.  

3.3.1.2 Combined effects of angularity and depth ratio 

Two following effects on the variations in depth ratio are 

clearly observable: 

• At any angle of wave incidence, the amplification value 

increases with an increase in the depth ratio, and the rate of 

enhancement decreases as the incidence angle deviates from 

the maximum Am, which is approximately 10 degrees. This 

observation can be seen in Figure 5. 

• The influence of the angle of wave incidence on the 

variations in amplification increases with an increase in the 

depth ratio. To illustrate, Figure 6 shows the maximum 

variations in Am within the range of -90 to 90 degrees 

against the depth ratio. 

3.3.2 The center of the valley  

3.3.2.1 Effects of the incidence angle of the waves 

The graph of amplification versus wave incidence angle for 

the center of empty rectangular, trapezoidal, and triangular-

shaped valleys is shown in Figure 7, and the following 

observations can be made: 
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(a) 

 
(b) 

 
(c) 

Fig. 5: The amplification of the edge of empty valleys as a 

function of incidence angle: (a) rectangle, (b) trapezoid, 

(c) triangle 

 

Fig. 6: The maximum change in amplification at the edge of 

valleys as a function of depth ratio 

• The amplification value initially decreases with an increase 

in α up to a certain angle, after which it begins to increases. 

This angle increases with an increase in the depth ratio.  If 

this angle is denoted by λ, the graph of λ versus depth ratio 

is presented in Figure 8. 

• There exists an angle in rectangular valleys where the Am 

is equal to one for all depth ratios. If we denote this angle as 

Ω, its value is 55 degrees for rectangular valleys, 80 degrees 

for trapezoidal valleys, and approaches infinity for triangular 

valleys from a mathematical perspective; however, this  does 

not have a physical interpretation. In other words, as the 

topographic effect decreases, the angle Ω increases. 

3.3.2.2 Combined effects of angularity and depth ratio 

• for angles smaller than Ω, de-amplification intensifies as 

the depth ratio increases. For angles larger than Ω, 

amplification increases as the depth ratio goes up (there are 

few exceptions in rectangular shape valleys)  

• Similar to the edges of valleys, the maximum amplification 

change occurring at the center is plotted against the depth 

ratio in Figure 9, and it is observed that the effect of wave 

incidence angle on amplification variations increases with 

an increase in the depth ratio. 

3.4 Critical incidence angle concept 

In technical literature, the critical incidence angle is a 

concept thatrefers to the angle at which the incidence of SV 

waves into a half-space causes a sudden increase in 

horizontal displacement amplification. The value of this 

angle can be calculated using equation (3) for elastic 

materials. 

𝜃𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 𝑠𝑖𝑛
−1(

1−2𝜐

2(1−𝜐)
)                                                 (3)                                                       

For the materials used in the half-space where the 

investigated topographies are present, this angle is equal to 

24 degrees. Many studies have considered the effects of SV 

wave generation at the critical incidence angle (such as 

Kawazoe and Aki in 1990 [36]).  
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(a) 

 

(b) 

 

(c) 

Fig. 7: The amplification at the center of empty valleys as a 

function of wave incidence angle 

 

Fig. 8: λ as a function of depth ratio 

 

Fig. 9: The maximum change in amplification at the center of 

valleys as a function of depth ratio 

Based on the information presented in this chapter and the 

concept of critical incidence angle: 

1. The critical incidence angle for empty valley edges is 

different from the critical incidence angle defined in 

equation (3). 

2. It appears that the critical incidence angle defined in 

equation (3) is close to that of present study (topographical 

critical incidence angle). Therefore, it is suggested to 

investigate topography within a range around the critical 

angle. Additionally, based on the amplification values in 

different topography shapes, it is recommended to consider 

this range to be larger, especially in cases where the effect 

of topography on vertical wave propagation is significant. 

3. Generally, negative incidence angles are more critical 

than positive incidence angles, as observed in the results 

obtained from the Vittorito earthquake. In this earthquake, it 

was observed that on the hills, the slip was greater on one 

side compared to the other. 
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4. Conclusion 

This study investigates the integrated effects of topography 

and the incidence angle of SV waves in empty valleys using 

the boundary element method. Valleys were modeled with 

rectangular, trapezoidal, and triangular shapes at depth ratios 

of 0.2, 0.4, 0.6, 0.8, and 1. The valleys were subjected to 

Seismic excitation of SV waves of a dominant frequency of 

2 Hz.  The incidence angles ranged from -90° to 90° with 

10° increments. The results, presented in terms of total 

displacement amplification at various points across the 

valley width, involved the examination of various 

parameters such as depth ratio and valley shape in 

combination with the effect of the incidence wave angle.  

The critical points were examined and presented by different 

graphs. It was seen that the most critical point of all valleys 

is still the edge of the valley but the inclination of the 

incident wave could change the amplification factor for 

positive and negative angles with the same pattern but 

different magnitudes. The maximum amplification at the 

edge occurred at 10 degrees inclination angle for all cases 

and it was seen that the effect of angularity on amplification 

increases as the classical topography effect increases. In the 

center of the valleys, which is considered the least critical 

point, two different behaviors were observed. Finally, the 

study addresses the question of whether the presence of 

topography can alter the critical incidence angle of a half-

space. 
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Appendix A 

 
(a) 

 
(b) 

 
(c) 

Fig. A. 1: Amplification of empty valleys with depth ratio of 1 as a function of  𝑎 > 0 , a) Rectangle, b) Trapezoid, c) Triangle. 
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(a) 

 
(b) 

 
(c) 

Fig. A. 2: Amplification of empty valleys with depth ratio of 1 as a function of  𝑎 < 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle. 
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(a) 

 
(b) 

 
(c) 

Fig. A. 3: Amplification of empty valleys with depth ratio of 0.8 as a function of  𝑎 > 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle. 

 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.5 1 1.5 2 2.5 3

A
m

X/L

α=0°

α=10°

α=30°

α=50°

α=70°

α=90°

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.5 1 1.5 2 2.5 3

A
m

X/L

α=0°

α=10°

α=30°

α=50°

α=70°

α=90°

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.5 1 1.5 2 2.5 3

A
m

X/L

α=0°

α=10°

α=30°

α=50°

α=70°

α=90°



   

E. Nafici and B. Gatmiri.                                                                 Numerical Methods in Civil Engineering, 8-4 (2024) 20-39 

33 

 

 
(a) 

 
(b) 

 
(c) 

Fig. A. 4: Amplification of empty valleys with depth ratio of 0.8 as a function of  𝑎 < 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle. 
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(a) 

 
(b) 

 
(c) 

Fig. A. 5: Amplification of empty valleys with depth ratio of 0.6 as a function of  𝑎 > 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle. 
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(a) 

 
(b) 

 
(c) 

Fig. A. 6: Amplification of empty valleys with depth ratio of 0.6 as a function of  𝑎 < 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle. 
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(a) 

 
(b) 

 
(c) 

Fig. A. 7: Amplification of empty valleys with depth ratio of 0.4 as a function of  𝑎 > 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle 
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(a) 

 
(b) 

 
(c) 

Fig. A. 8: Amplification of empty valleys with depth ratio of 0.4 as a function of  𝑎 < 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle 

 

 

 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.5 1 1.5 2 2.5 3

A
m

X/L

α=-90°

α=-70°

α=-50°

α=-30°

α=-10°

α=0°

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.5 1 1.5 2 2.5 3

A
m

X/L

α=-90°

α=-70°

α=-50°

α=-30°

α=-10°

α=0°

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.5 1 1.5 2 2.5 3

A
m

X/L

α=-90°

α=-70°

α=-50°

α=-30°

α=-10°

α=0°



 

E. Nafici and B. Gatmiri.                                                                 Numerical Methods in Civil Engineering, 8-4 (2024) 20-39 

38 

 

 
(a) 

 
(b) 

 
(c) 

Fig. A. 9: Amplification of empty valleys with depth ratio of 0.2 as a function of  𝑎 > 0, (a) Rectangle; (b) Trapezoid; (c) Triangle 
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(a) 

 
(b) 

 
(c) 

Fig. A. 10: Amplification of empty valleys with depth ratio of 0.2 as a function of  𝑎 < 0 , (a) Rectangle; (b) Trapezoid; (c) Triangle 
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