Numerical Methods in Civil Engineering, 9-3 (2025) 01-10

=

Journal of: Sf

Numerical Methods in |||+
Civil Engineering

L
R
e

aods in ¢;
e Vit g,

Nu,
ey
K
auv®”

Numerical Methods in Civil Engineering

Ve, . 1928 <&
(/"’Versit\;&‘

Journal Homepage: https://nmce.kntu.ac.ir/

Comparison of numerical methods for the solution of Richards’ equation

in layered porous media

Roza Asadi*, Zahra Zamani Aliabadi**

ARTICLE INFO

RESEARCH PAPER

Article history:
Received:
February 2023
Revised:

July 2023
Accepted:

July 2023

Keywords:

Numerical modelling,
Richards' equation,
Unsaturated flow,
Finite volume method,
Van Genuchten soil
model

Abstract:

In this research, the advanced finite volume scheme of the Dual Discrete method has been
used for the numerical modeling of Richards' equation. Three forms of Richards' equation,
including head form, water content form, and mixed form with a modified Picard linearization,
are developed and assessed in the two-dimensional domain. Various examples using different
soil properties, boundary conditions, and grid structures are solved. The results agree very well
with the analytical and numerical solutions in both homogenous and layered porous media.
The different forms have been compared in terms of accuracy, the number of iterations, and
mass balance ratio. For the test cases considered in this study, the water content form has been
determined as the superior method due to the low mass balance error, higher accuracy, and
less number of iterations. Also, the modified Picard form improves the conservation of mass
and efficiency in comparison to the head-based method. The results indicate that for the head
form, a small time step is required to obtain an accurate mass balance, while the two other
schemes yield superior mass balance results, even for large time steps. Moreover, the proposed
finite volume method shows stable solutions without any numerical oscillations for all of the
test cases.

1. Inroduction

The first challenge is due to the numerical oscillations
occur in the methods such as finite difference and finite

Simulation of groundwater flow in unsaturated soils is of
great interest in many engineering problems, including
estimating recharge in a phreatic aquifer, moisture loss in
shallow water aquifers, and consequently, management of
water resources [1-3]. In many unsaturated zone studies,
fluid flow is assumed to follow the Richards' equation [4].
Due to the nonlinearity of the Richards' equation, analytical
solutions could be obtained only under simplifying
assumptions. Therefore, numerical methods are required in
case of problems with complex geometries and different
types of boundary conditions. In the past few decades,
considerable effort has been made to develop efficient and
fast schemes for solving Richards' equation [5-14]. In spite
of improvements in capturing accurate and precise
solutions for different types of problems, challenging issues
still exist.
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element methods [5, 8, 15-17]. In this research, the finite
volume method (FVM) has been used for numerical
modeling; since studies show that this method is introduced
to achieve high-order accuracy, reduces errors, avoids
numerical oscillation, and preserves mass conservation at
the element level [10,11,13,14,18-23]. Among different
types of FVMs, the dual discrete finite volume method
(DDFVM) has been developed to model Richards' equation
in two dimensional domain. Since in the so-called method,
the flux is computed with more than two points, and can
handle unstructured grids, is well-suited for heterogeneous
and anisotropic porous media [20-23]. This numerical
scheme is successfully applied for the saturated flow in
highly heterogeneous reservoirs [22].

In addition to the type of numerical method applied for the
discretization, the form of Richards' equation could affect
the accuracy and convergence of the solution [5, 8, 24].
Based on the type of variable used in the Richard's
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equation, three forms, including water content (6) —based
form, pressure head (h) —based form and mixed form
could be obtained.

The studies show that the 6 —based form may exhibit
numerical difficulties in heterogeneous and saturated-
unsaturated soils, while the h —based form is more
versatile. On the other hand, the h —based form may lead
to large mass balance errors compared to the 8 —based
form [8, 9, 25-27]. In this context, the modified Picard
method has been proposed in [8] to combine the
advantages of both methods. However, the truncation
errors would exist in the Taylor series of the time
derivative of water content. Based on many studies
conducted in this research field, no single form could be
adapted for all kinds of problems in unsaturated porous
media. It should be noted that the mechanical stress state
variables are not considered, and the work is focused on
hydraulics analysis because these parameters considerably
impact the results.

According to the issues mentioned above, in this study, the
stability, accuracy, and efficiency of the DDFVM have
been investigated through different forms of Richards'
equation.

This paper is organized as follows: the mathematical
formulation has been presented in section 2, the numerical
model of DDFVM has been proposed in section 3, the
numerical model has been validated in section 4, and
different methods are compared via various examples, and
finally conclusions are reached in section 5.

2. Mathematical formulations

The Richards' equation for modelling the water flow in
unsaturated porous media could be obtained by combining
the mass conservation law with the generalized Darcy's law
[4]. This equation can be formulated in three forms,
including the mixed form (Equation 1), the head-based (h-
based) form (Equation 2), and the water-content-based (6-
based) form (Equation 3). These equations in 3D can be
written as follows:

‘;—f = V [K(WV(h + 2)] @)
c(h) % =V [K(h)V(h + 2)] (2)
% = V[D(8)VO] + VK (B) 3)

in the above equations, 6 is the volumetric water content, t
is time, h denotes the pressure head, K is the hydraulic
conductivity tensor, and =z represents the vertical

coordinate. C(h) = % is the hydraulic capacity and D(6)
introduces diffusivity [8].
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2.1 Constitutive models for unsaturated soil

The constitutive models employed in this study are the
Brooks— Corey's [28] and the Mualem-van Genuchten's
(MG) models [29]. It should be indicated that these models
present the hydraulic behaviour of unsaturated soils.

2.1.1 Brooks-Corey's model
The Brooks-Corey's model is expressed by:

0=6,+6,—8,) (hie)_A (4)

—-2-31

K(h) = K, <h£d) ®)

where 6, and 6, are the residual and saturated water
content, respectively. K; is the saturated hydraulic
conductivity, h, denotes the air entry pressure head, and 4
is the pore size distribution index of the model [28].

2.1.2
The Mualem-van Genuchten function reads [29]:

_6-6, 1
B 95 - Gr B (1 + (alhl)n)m

Mualem-van Genuchten's model

S, (6)

K = K,S,°° (1 ~(1- sel/m)m)z ©)

in which S, is the effective saturation, a is inversely
propotional to h,,n denotes the pore size distribution
parameterandm =1 — 1/n.

3. Numerical models

In the following sections, the Dual-Discrete finite volume
method has been applied to discretize the different forms of
the Richards' equation.

3.1 Numerical discretization of the h-based form

By integrating Equation 2 over a control volume €; and
neglecting gravity, yields:

oh h) |do = 8
Li €= = V(KVh) Jda =0 ()

By implementing the Gauss-Green theorem, the above
equation can be written as follows:

Jni (c%) dn—jmi n. (KVh)dl' = 0 9)

in which, aQ; is the control volume boundary and n is the
corresponding normal vector. The discretized form of the
above equation could be expressed as follows:

oh;
Cﬁmﬂ + Z V|| =0 (10)
Tjje0Q;
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in the above equation h; is the pressure head at the cell-
center, Tj; is the interface between two neighbor cells of Q;
and Q; (Q1 N Q; = Tj) and Vj; is the flux at this interface.
The flux term V;; could be defined as follows:

Vi = 1]| f . (KVh) dT' (11)

To evaluate the above integration, the following equation
has been used for the pressure gradient at the cell edge Tj;
[20, 22, 30-32]:

h] - hi h] - h[ h - I
Py = D~ cota | | t;; (12)

i T3]
where h; and h; are the head values at the triangle centers
of i and j, respectively. Also h; and h; denote the head
values at the wvertices, | and J, respectively. Other
parameters are shown in Fig. 1.

J

Fig. 1: The parameters used in the DDFVM

By implementing equation 12 in equation 11, the following
form for the numerical flux could be obtained [20, 22, 30-
32]:
h; —h; hy —hy
— (kyt — cotakyy)

i ||
where x,, and x,. are the hydraulic conductivity
components in the local coordinate of (nj.t;). The
unknown values h; and h; would be approximated by the
least square method [20, 22, 30-32]. Finally, the discrete
form could be derived by introducing equation 13 into
equation 10.

Vij = —Knn D (13)

3.2 Numerical discretization of the 8-based form

In a similar manner, by integrating the 8- form of Richards'
equation, we have:

29 V(DgV6) |dQ =0 14
ﬁha—<e) = (14)
a0
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at

Fije aﬂi

Vi || =0 (16)

in the above equation 0; represents the water content value
at the cell center i. For the 8- form, the parameter V;; is
given by:

1
%zmjfm@WMF (17)
ij| /T

To discretize equation 17, the water content gradient
between two neighbor cells has been expressed as follows:

z (6]-—91 ¢ 9 —6)
i =|—=———cota
) Di]’ |11|

9 - eI
I
in which 6; and 6; are the water content values at the
control volume centers of i and j, respectively, while 6; and
0; are the corresponding values at the vertices shown in

Fig. 1.
Applying equation 18 in equation 17 leads to the following
equation:

= —&G;j. I (29)

where & could be determined as follows:

1
=—| Dydl =
: |Fil'|‘l;ij !

Considering equations 18 - 20, equation 17 could be
written as:

(18)

R EICEOD I

0 — 0y
Enn Dij (Ent cot qznn) |I.._

(21)
il

The water content values at the vertices could be calculated
by the following equation:

0= > wi() (22)

where w; has been computed from the least square method
[20, 22, 30-32] and Nj is the number of cells around the
point I. By substituting equations 21 and 22 into equation
13, the 6-based form could be discretized.

3.3 Numerical discretization of the 7zixed form

Following a similar procedure, the mixed form of Richards'
equation could be written as follows:

20
f (5 - v-kvh)da =0 (23)
o \at

j (2(:)dﬂ L _n.(KVh)dr=0 (24)

With the modified Picard approximation, the time
derivative of water content can be provided as follows [8]:
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f (ae)dﬂ_aeilm_ il [N
g N0t/ At At i

+1.k+1
ein+1.k + Ci’n+1.k(hin _ hiTH'l.k) _ ein
~ o 1]

(25)

in the above equation, n is the time level, k is the iteration
number, and At represents the time step. Since in equation
25, the unknown parameter is the hydraulic head, the
second term in equation (24) has been discretized similarly
to the h-based form.

3.4 The algorithms for different forms of Richards'
equation

The following algorith has been applied for the
different forms:

Step 1. Set ™11 = 9" and A"t11 = pn
Step 2. For k=1, 2, ...UNTIL CONVERGENCE
IF h-based form or mixed form

C'Tl+1.k+1 K'n+1.k+1
L L

Calculate and

Solve hi‘n+1.k+1

ELSE

Calculate D;**1K+1

Solve ein+1.k+1
END
Step 3. Go to step 1 for the next time step

4. Results

In the following section, the numerical model of DDFVM
has been validated via different examples, and different
forms of Richards' equation have been compared according
to the mass balance ratio, iteration, and relative error.

4.1 Example 1

The details of this example are adapted from [33]. A soil
column of 1 cm in width and 20 ¢cm in length has been
considered. The initial moisture content for all points of the
specimen is 0.2. As it is illustrated in Fig. 2, the boundary
condition at the top and bottom are of Neuman type, and at
the left and right boundaries, the Dirichlet boundary
condition is applied. The moisture content at the left edge
is equal to 0.45, while it is equal to 0.2 at the right
boundary. The other required details are given hereafter:

100
k(0) = = - 0.5 cm/day (26)

1030
— 150cm (27)

h =
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dh
dan

0=0.45-- >

dh

an

Fig. 2: The boundary conditions of the first example

Fig. 3: The unstructured mesh for the first example based om
Delaunay triangulation

The unstructured mesh of the problem that is generated by
Netgen software is shown in Fig. 3. The mesh size has been
selected to be equal to 0.5 cm, and the problem domain is
discretized to 640 elements and 405 nodes. In the sequel,
numerical results of the moisture content are given for both
1D and 2D models at time lapses T=0.01 day and T=0.06
day. The time step for this problem is set to 0.00005 day.

05
h 0O Reference [33]
‘g % — — — 2D-Numerical Model
£ 0.4 N\g — - — 1D-Numerical Model
5 N
o k 'Ek
o
03 y
E \ 0.06 day
2 \s-a'=mcoesosseos
L 02 -B-- . :
= 0.01 day
@
E 0.1
S
-
0
0 5 10 15 20

Distance (cm)

Fig. 4: The variation of water content at different time lapses

In this example, due to a lack of data, it was impossible to
attain results based on head and modified Picard forms.
The acquired outcomes from the mass balance in the form
of moisture content indicate that by increasing the time
step, the error in mass balance slightly improves; the reason
for such an observance is that at the first time step, there is
an inconsistency between the boundary and initial
conditions that yields to an error in mass balance.

1.010

1.009

1.008

1.007

1.006

1.005

Mass Balance Ratio

1.004

1.003

1.002

Q 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Time step (8)

Fig. 5: The mass balance ratio for different time steps

- 9=0.2
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4.2 Example 2

The second example is a slightly modified example adapted
from [34] and used for verification under drainage
condition. The initial head and moisture content are read to
be 4 cm and 0.41, respectively. The top and bottom
boundary conditions are of Neumann type, while boundary
conditions at the left and right boundaries are set to
Dirichlet type. The head and moisture content at the left
boundary are 4 cm and 0.4, and at the right boundary are
6.308 cm and 0.3, respectively. The problem data are given
in Table 1, and the mesh layout is given in Fig. 6. The
mesh size is set to 0.5 in the Netgen software resulting in a
mesh with 318 elements and 242 nodes. It should be
indicated that the Brooks-Corey's constitutive model has
been employed in this problem and the soil type is fine
sand [34].

Table 1: The parameters of the second example

Parameter Values
) Or
Residual water content 0.03
(cm3cm™3)
Saturated 6,
0.41
Water content (cm3cm™3)
) . K
Hydraulic conductivity 0.24
(cmh™1)
Constant parameter n 0.75
Constant parameter m 4.25
Air entry suction head hq 4

(TR
e

— T

A
W!#THH#"Y*HYHH#‘"**#llYH#HH#"Y#HH"H#

Fig. 6: The unstructured mesh for the second example based om

Delaunay triangulation

The numerical results for the three methods are shown in
Fig. 7 at time lapses of T=150 min and T=650 min. The
size of the time step in this example is equal to 10 min.

B ID-Numerical model (Teta form)
115 1D-Numerical model (H form)
----- 2D-Numerical model (Teta form)
= = =2D-Numerical model (H form)
105 — - — 2D-Numerical model (Modified picard
P
0.95 N = o
T=150 min - -
——
0.85 T=650 min
§ P //( .4 -
-
0.75 o
=
3
0.65
0.55 |
0 5 10 15 20 25 30 35 40 45

Distance (cm)

@)

Numerical Methods in Civil Engineering, 9-3 (2025) 01-10

B 1D-Numerical model (Teta form)
0.45 1D-Numerical model (H form)
----- 2D-Numerical model (Teta form)
= = =2D-Numerical model $H form)
— - — 2D-Numerical model (Modified picard
2041
<
- _a— —-.’;:’"_
2 — -
O -
@
£ 0.37 o
£ -
2 g
= -
0.33 -
/
0.29 L
0 5 10 15 20 25 30 35 40 45
Distance (cm)
(b)

Fig. 7: (a) The variation of dimensionless head vs. distance;
(b) The variation of moisture content vs. distance.

The total number of iterations for different values of
acceptable error are attained for the three forms based on
head, moisture content, and mixed modified Picard. By
comparing the total number of iterations given in Table 2,
the 6-based form shows superior performance. Also the
allowable error for the h-based, mixed forms and 6-based
form are defined as follows:

- h-based and mixed forms

.n+1.k+1_ h'n+1.k
Allowable error= max | +——-"+—

Tk+1
p, IR

- B-based form

n+1lk+1 9 n+1k

— i L
Allowable error= max (W)

L

Table 2: The total number of iterations for the three forms h-
based, 6-based, and modified Picard

Method Allowable Allowable Allowable
error=0.001  error=0.0001  error=0.00001
-based 0 103 142 12
form
h-based 11 162 223
form
Modified
Picard 112 161 221

Furthermore, it is shown in Fig. 8 that the mass balance
ratio in the 6-based form is giving more promising results
compared to the other two forms. However, using the
modified Picard form properly yields the conservation of
mass balance law. Also, the head-based method will result
in a better mass balance at the smaller time steps, while
increasing the size of time step increases mass balance
errors.
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=
L
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—e—Numerical model (H form)
—e—Numerical model (Teta form)
—o—Numerical model (Modified picard)

=
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—
H
=]
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H
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Mass Balance Ratio
—
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Time step (s)

Fig. 8: The mass balance ratio vs. time step for the three forms h-
based, 8-based, and modified Picard

4.3 Example 3

In the third example, a horizontal soil strip with a width of
1 cm and length of 100 cm is modelled [35]. The initial
head and moisture content are equal to -1711.52 cm and
0.113, respectively. The no-flow boundary conditions are
applied at the top and bottom. The values for the head and
moisture content are assumed to be -1711.52 cm and 0.113
for the left boundary, and 0 cm and 0.43 at the right
boundary, respectively. The other parameters are listed in
Table. 3.

Table 3: The parameters of the third example

Parameter Values
. Or
Residual water content 0.078
(cm3cm™3)
Saturated SH
_ 0.43
Water content (cm3cm™3)
. . K
Hydraulic conductivity 0.0173
(cmmin™1)
Constant parameter n 1.56
Constant parameter m 0.359
Air entry pressure index a(cm™1) 0.036

In this example, the structured triangular mesh has been
implemented. The grid size is set to be 0.5 cm, resulting in
a mesh of 800 elements and 603 nodes. Additionally, the
Mualem-van Genuchten model has been used for the silty
soil of this example. Numerical results of the h-based, 6-
based, and mixed modified Picard at the time lapses of
T=250, 800, and 1200 min are depicted in the following
figures.
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on
g i ) B 1D-Numerical model (Teta form)
-200 1 * " B 1D-Numerical model (H form)
400 . I‘ [ p—— 2D-Numerical model (Teta form)
i 250min |, { * — = = 2D-Numerical model (H form)
600 Ii I+ " — - = 2D-Numerical model (Modified picard
1 "
T -800 H *
< 1000 h o
Z | ]
K 1200 ,! P
b
1400 Wb E1200min
-1600 ﬁﬂomm oy
—— el = =B
-1800 T
-2000
0 10 20 30 40 50 60 70 80 90 100
X(cm)
@
0.5
B 1D-Numerical model (Teta form)
B 1D-Numerical model (H form)
0.4 w B~ | T 2D-Numerical model (Teta form)
- \ = = =2D-Numerical model (H form)
§ 250min ’ "\ = + = 2D-Numerical model (Modified picard
g 03 ‘
o i\ .
s H SOOmm“
F] | [ ;
g 02 i * 1200min
3 Il v
= ' b
0.1 L.-—h.—- - i~ - e oy |
0
0 10 20 30 40 50 60 70 80 90 100
X(cm)
(b)

Fig. 9: (a) The variation of head along the length; (b) The
variation of moisture content along the length.

In this problem, at T=800 min, the iterations are chosen to
be equal to 5 for the three forms, and the errors are
compared as follows:

3.50E-08

3.00E-08 2.89E-08
2.62E-08
2.50E-08

2.00E-08

1.50E-08

Relative Error

1.00E-08

5.00E-09
5.66E-11

0.00E+00

Pressure form ‘Water content form Modified Picard

Fig. 10: The relative error for the three forms of h-based, 6-based,
and modified Picard

As shown in Fig.10, the relative error of form 6-based is
less in comparison to the modified Picard, while the
modified Picard yields a lower error than the h-based form.
Thus, it can be concluded that the 6-based form results in
higher precision. Furthermore, the RMSE values for
different schemes are listed in Table 4 at T=800 min.
According to this table, the h-based scheme shows the
highest values of RMSE in both parameters of water
content and head.
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Table 4: The RMSE values for different schemes

Scheme RMSE-6 RMSE-h (cm)
h-based 0.008 94.511
0- based 0.007 39.649
Mixed form 0.006 50.021
1.40 —&— Numerical model (H form)
—&— Numerical model (Teta form)
1.20 —8— Numerical model(Modified Picard)
g 100 (&% - ~ ~
E 0.80
;: 0.60
=S 0.40
0.20
0.00
0 5 10 15 20 25

Time Step (s)

Fig. 11: The mass balance ratio vs. time step for the three forms
h-based, 6-based, and modified Picard

It can be observed from Fig. 11 that the mass balance ratio
in the @-based form gives more reliable results when
compared to the other two forms. Again, in this example,
the mass balance error will increase when greater time
steps are implemented in the h-based form.

4.4 Example 4

The parameters and geometry of this problem are extracted
from [36]. A soil layer of 1 cm width and 200 cm length is
considered which is comprised of two different soils
(Fig.12). The initial condition for head is assumed to be -50
cm. The boundary conditions at the top, bottom and right
are no-flow, while the boundary conditions at the left
boundary is head prescribed. The head and moisture
content at the left boundary set to -16 cm and 0.294,
respectively. The initial conditions are as follows:

hyedium sana(x-0) = —50.207; hpine sana(x.0) = —49.98

Omedium sana (X-0) = 0.043; Opipne sana(x.0) = 0.169
ah
E=

FTTTI I I I I I T AT I I I I I I AT I I I I I T AT I T I I AT I TR

-—-» - —

h==16cmd = 02946

fiiiiiiiiiiiiiiiiiiiiiiiiiiiL LR L LR LLLRR RN

dh

—=1
dn

Fig. 12: The boundary conditions and set-up of the fourth
example

Moreover, the mesh size is considered 0.5 cm
corresponding to a discretized domain of 1600 elements

dh
an
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and 1203 nodes. The other parameters for the two types of
soil are listed in Table. 5. The numerical results for the

three forms are given at time T=7918 s in Fig. 13.
Table 5: The parameters of the fourth example

Medium sand
Parameter Values
Intrinsic permeability k 1077
Porosity (0] 0.35
Air entry pressure head hg 15
Residual saturation Sr 0.1
Pore size distribution index A 3
Fine sand
Parameter Values
Intrinsic permeability k 10~°
Porosity [0} 0.35
Air entry pressure head hq 25
Residual saturation Sr 0.2
Pore size distribution index A 15
09
08 IIS\q O Refrence [36]
’ — — Numerical model (Teta form)
07 = —Numerical model (H form)
\| = = = Numerical model (Modified picard)
- 06 \
=]
2 o5 B]
L SR
2 04 ki
1]
5 03
=
B 0.2 i I
01 —g—d- \go-g-g-g-5-8¢
0
0 50 100 150 200
X(cm)

Fig. 13: (a) The variation of water saturation along the length at
T=7918s

As presented in Table.6, in a multi-layered soil example
similar to the previous problems, the 6-based form needs
fewer iterations to converge. Moreover, the mass balance
ratio in the 8-based form leads to superior results than the
other two forms (Fig. 14). As illustrated in Fig.14, the 6-
based form is found to give appropriate mass balance ratio
error even for the case of greater time steps, so, the above-
mentioned points approves the superiority of 8-based form
over the two other schemes for the case of multi-layered
soils. Additionally, between the two methods of modified
Picard and h-based, the scheme of modified Picard
demonstrates higher computational speed, lower error, and
higher mass balance precision.
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Table 6: The total number of iterations for the three forms h-
based, 8-based, and modified Picard

Method Allowable Allowable Allowable
error=0.001  error=0.0001  error=0.00001
-based 6
form 2566 3145 3929
h-based
form 2757 3642 4606
Modified
Picard 2660 3442 4383
1.40 =#— Numerical model (Teta form)
—8—Numerical model (H form)
120 —s— Numerical model (Modified picard)
° e e e -
E 1.00 & A - r 9
¥ \\
g 0.80
=
o
R 060
0
§ 0.40
0.20
0.00
0 50 100 150 200 250

Time step (s)

Fig. 14: The mass balance ratio vs. time step for the three forms
h-based, 8-based, and modified Picard

4.5 Example 5

To investigate the methods in a two-dimensional flow
problem, the example in [34] has been modified, as shown
in Fig. 15.

B, =041 ___, e h=6308

b= 4 6, =03

4

B, =041, h, =4

Fig. 15: The boundary conditions of the fifth example
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04

0.39
0.38
0.37
0.36

0.35

04

0.38

0.36

0.34

0.32

03

04

0.38

0.36

0.34

0.32

03

©

Fig. 16: The moisture content at T=600 min for (a) the 8-based
form, (b) the h-based form, (c) the modified Picard

An unsaturated soil with a depth and height of 40 cm is
considered. The initial head and moisture content are read
to be equal to 6.308 cm and 0.3, respectively. The
boundary conditions are shown in Fig.15. For this problem,
the structured triangular mesh with the size of 2 cm has
been considered, resulting in 800 elements and 441 nodes.
The soil properties are similar to Table.1, and the Brooks-
Corey's model has been employed. The results for the
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moisture content for the three forms are shown in Fig. 16 at
time T=600 min.

By comparing the total iterations in Table 7, and the mass
balance ratio of different form in Fig. 17, it is evident that
the 6-based scheme needs fewer iterations with higher
accuracy, thus, is a more appropriate scheme.

Table 7: The total number of iterations for the three forms h-
based, 8-based, and modified Picard

Method Allowable Allowable Allowable
error=0.001 error=0.0001 error=0.00001
'bf"‘sed 0 737 893 1029
orm
h-based 765 929 1200
form
Modified 766 932 1200
Picard
1.00
====2D-Numerical model (Teta form)
0.95 — = =2D-Numerical model (H form)
= + = 2D-Numerical model (Modified picard)
E 0.90
é .....................................
& 0.85
E - T A T & T R . R TS T s
% 0.80
E 0.75
0.70
0 1 2 3 4 5 6

Time step (s)

Fig. 17: The mass balance ratio vs. time step for the three forms
h-based, 8-based, and modified Picard

5. Conclusions

In this research, the advanced finite volume scheme of the
Dual Discrete method has been used for numerical
modeling of Richards' equation. Three forms of Richards'
equation, including head form, water content form, and
mixed form with a modified Picard linearization, are
developed and assessed in two-dimensional domain.
Various examples using different soil properties, boundary
conditions and grid structures are solved. The results agree
very well with the analytical and numerical solutions in
both homogenous and layered porous media. The different
forms have been compared in terms of accuracy, the
number of iterations, and mass balance ratio. For the test
cases considered in this study, the water content form has
been determined as the superior method due to the low
mass balance error, higher accuracy, and less number of
iterations. The total number of iterations in the water
content form decreases between 7 to 14% in comparison
with the two other schemes. Also, the modified Picard form
improves conservation of mass and efficiency in
comparison to the head-based method. The results indicate

Numerical Methods in Civil Engineering, 9-3 (2025) 01-10

that for the head form, a small time step is required to
obtain an accurate mass balance, and for larger time steps,
the mass balance error increases. Contrary to the head
form, the two other schemes yield superior mass balance
results, even for large time steps. Based on the examples
solved in this paper, the mass balance error for the water
content form is between -13% to 1%, for the mixed form is
in the range of -17% to 5% and for the h-based form the
error inreval increases to -68% - 10%. Moreover, the
DDFVM shows stable solutions without any numerical
oscillations for all examples.
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