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Analyzing of thick plates with cutouts using the meshless (EFG) method
based on higher order shear deformation theories for solving shear-locking

issue
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Abstract:

Although the finite element method (FEM) is a well-established method for modelling the thick
plates, in some cases FEM encounters some difficulties such as shear locking and decrease in
the accuracy of results caused by stress concentration around the openings. In this paper for
the first time, the EFG method based on the higher-order shear deformation theories is
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Shear locking
Higher-order shear
deformation theories

The meshless methods have been developed and applied in
many engineering problems, especially in structural analysis
including beams, plates and shells since the middle of 1990s.
Meshless is a method used to establish system algebraic
equations for the whole problem domain without the use of a
predefined mesh for the domain discretization. The ideal
feature for this technique is that, no mesh is required
throughout the process of formulating and solving the problem
of a given arbitrary geometry governed by partial differential
system equations subject to boundary conditions [5, 6]. In this
method, the discretization of the domain of the problem takes
place using nodal points, and the shape function of each node
is defined using the nodal points of the domain covered by that
node. This feature allows for a more accurate solution to the
issues of discontinuity in the domain, such as the cutout,
cracks and corrosion in thick plates.

1. Introduction

In recent decades, thick plates have had various utilizations in
retaining walls, rehabilitation of damaged structures,
aerospace industry, marine structures and nuclear industry.
Since the analytical solution of plates is limited to simple
geometry and boundary conditions, a variety of numerical
methods such as finite element have been proposed for
analysis of plates with complex geometry and boundary
conditions [1, 2]. In spite of the effective application of finite
element method in many problems, this method has inherent
shortcomings such as high cost in creating mesh, difficulty in
adaptive analysis, requirement to predefined mesh, formation
of shear lock phenomenon in higher order shear deformation
and mesh complexity issue in plate with discontinuity in the
domain. Hence, in recent years, the meshless methods have

attracted significant attention of researchers [3, 4].
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Meshless methods can be roughly divided into three groups
namely; strong form, weak form and the last one is associated
with weak and strong ones of system equations [5, 7]. The
strong forms are directly implemented from governing
differential equations consisting of the general finite
difference method [8,9], the smooth particle hydrodynamic
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method [10] and the meshless collocation method [11]. The
weak form includes the element-free Galerkin (EFG) method
[12], the reproducing kernel particle method [13,14], the
meshless local Petrov—Galerkin method [15], the radial point
interpolation method (RPIM) [5,16,17] and the moving
Kriging interpolation (MKI) method [18,19]. The last one
which is mostly considered, is the meshless weak—strong form
(MWS) method [20, 21]. Meshless methods based on the
Galerkin weak form require a background mesh to compute
the quadrature integrations [22-24]. Generally speaking,
meshless shape functions are rational and hence the higher-
order quadrature needs to be employed to achieve stable and
accurate solutions, however, computation cost is very
expensive. The lower order quadrature retains less CPU times
but the solutions cannot be converged and stabilized [25,26].
The nodal integration technique is found to be an appropriate
choice.

Sladek et al. [27] presented a new meshless method to solve
bending problems of thin elastic plates with large deflections
but, contrary to the conventional boundary integral equation
method all integrals in the present formulation are regular and
no special computational techniques are required to evaluate
the integrals. Alihemmati et al. [28] developed the 3D
meshless Galerkin method for structural analysis of general
polygonal geometries. They showed this method can cover the
plates with considerable thickness, that the classical plate
theories cannot solve them with accurate results. Cao et al.
[29] compared the results of meshless method with coupled
FEM-EFG and coupled BEM-EFG methods. Choi et al [30]
presented the analysis of Mindlin plate by the EFG procedure-
applying penalty (EFGMP) technique. They showed the
EFGMP is much more accurate than FEM for Mindlin plate
even when linear basis functions are used.

Donning et al. [31] proposed the meshless method for shear-
deformable beams and plates. They used this method to
eliminate shear and membrane locking in beams and plates
using an unmodified displacement-based vibrational
principle. Gulizzi et al. [32] presented an implicit mesh
discontinuous Galerkin formulation for higher-order shear
deformation plate theories. Khezri et al. [33] presented a
unified approach to meshless analysis of thin to moderately
thick plates based on a shear-locking-free Mindlin theory.
They extended the modified Mindlin formulation so as to
completely suppress shear-locking effects. Konda et al. [34]
proposed a meshless Reissner plate bending procedure using
local radial point interpolation with an efficient integration
scheme. Li, Y et al. [35] presented an element-free smoothed
radial point interpolation method (EFS-RPIM) for 2D and 3D
solid mechanics problems. Liu, X et al. [36] suggested a
wavelet multiresolution interpolation Galerkin method. Rad et
al. [37] developed the meshless local Petrov—Galerkin method
for nonlinear dynamic analyses of hyper-elastic FG thick
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hollow cylinder with Rayleigh damping. They demonstrated
that when the cylinder is thick enough, the results of nonlinear
analysis are close to the results of linear ones. Thai et al. [38]
investigated a moving Kriging interpolation meshless method
based on naturally stabilized nodal integration scheme for
plate analysis. They showed the complexity of the
heterogeneous structure could be treated via the concept of
homogenization. Thai, H. T et al. [39] developed an analytical
solution for refined plate. Ferreira et al. [40] presented a
meshless strategy using the Generalized Finite Difference
Method (GFDM) for plate bending problems. They showed
that by using this method, the original fourth-order differential
equation could be substituted by a system composed of two
second-order partial differential equations.

In this paper, the EFG method is developed to analyze thick
plates with and without cutout. It should be mentioned that the
EFG method is one of the most popular meshless methods
because of its similarities with FEM. This technique is based
on global weak form of governing differential equation.
Though there exists a background cell for integration, there is
no need to refine the integration cell when decreasing nodal
distance for more accurate field approximation. Thus, the EFG
method has high convergence rate and the computational time
required for this method is less than other meshless methods.
The radial basis functions with Kronecker delta function are
used as the shape functions. The first and third deformation
theories are implemented in analysis of thick plates. Effects of
plate dimensions, boundary conditions and location of circular
cutout on maximum transverse displacement of plates are
determined by several numerical examples. Finally,
interpolation equations for determination of maximum
deflection of plates with and without cutouts are presented
using the cubic polynomial method.

2. Fundamental equations of thick plates

In higher order shear deformation theories of first order shear
deformation theory (FSDT) and third order shear deformation
theory (TSDT), in contrast with the Classical Plate Theory
(CPT) method the transverse shear strains are considered
using the first and third functions in thickness direction
[41,42]. Actually, the FSDT develops the kinematics of the
CPT by relaxing the normality restriction and authority for
arbitrary but constant rotation of transverse normal [42,43].
The FSDT formulation is very similar to that of the
Timoshenko beam, but is extended in one more dimension.
The TSDT subsequent the kinematics hypothesis by
eliminating the transverse normal straightness hypothesis; i.e.,
the straight normal to the middle plane before deformation
develops into cubic curves after deformation (See Fig. 1) [34,
44]. Considering a thick plate element as shown in Fig. 2, it is
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assumed that the vertical load perpendicular to the plate is only
resisted by flexure and shear stresses (i.e., o,, =0).
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Fig. 1: Deformation of a transverse normal to the middle plane
with different plate theories [42]

Fig. 2: Stresses representation

Therefore, the non-zero stresses can be expressed by [33, 45]:
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where v is the Poissons ratio, E is the Youngs modulus, D
is the flexural rigidity of the plate, ® is the shear correction
factor for thick plates that can be expressed by the following
equation [33]:
_20(1+v) =03
244250 412

o @

R

oo

2.1. FSDT formulation for thick plate

According to the FSDT theory, the in-plane displacements u
,v Which are parallel to the unformed neutral surface, can be
expressed by [42,43]:

u(x, y,2) = zyy (X, Y)

V(% Y, 2) = 2y (4, Y) ®)
wi(x, y,2)=wo(x, y)

ou ov

P - = Vx E:V/y (4)

where W, represents the transverse displacements of a point
on the middle planez=0, y, and y, are rotations of a
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transverse normal about the y and x axes, respectively.

Using the FSDT formulation, the displacements introduced in
Eq. (5) can be expressed in following matrix form:

u 0 z 0wy

ve=|0 0 z|wyx,=LU (5)
W P a9y

U L u

Thus, the strain vector of the thick plate can be expressed with
respect to the displacement vector as [2]:

g g o 22
&y X0y |fwg

0 0 T
eyr=lz— 0 71— 1 0 =L'qU 6
Xy Py P Yx d (6)
&g o 0 Yy

: 0 72— 1— 0 1
B ohaaa P Paaaas

T
I3
Ld

2.2. TSDT formulation for thick plate

In order to achieve higher accuracy and eliminate shear
correction coefficients in FSDT, the TSDT is recommended.
In this method, variation of the transverse shear strains and
transverse shear stresses through the plate thickness are
considered using third order functions. According to the
TSDT, the kinematic hypothesis is further relaxed by
eliminating the straightness hypothesis; i.e., straight normal to
the middle plane before deformation may emerge as cubic
curves after deformation (See Fig. 1(c)). Therefore, similar to
the FSDT (Section 2.1), the displacement field of the thick
plate can be expressed by [42]:

Ul yiz)=2ylx, y’)_l[wx +%j

6* @

3

owg 41
viX, Y, z)=zwy(X y)- +— where =
( y ) ‘/’y( Y) Z[Wy 3)’] X 7

wlx,.7)=vi(x.y)

According to the above equation, the displacement vector can
be expressed in the following matrix form [2]:

—;5236i z—;(z3 0
X

u i Wo 8

V= —1235 0 z—;{z3 vy =LU ®)

w
1 0 0|19y

U

4444424444481V
L

u

In TSDT formulation using the general strain—displacement
relationship, the strains of thick plates can be expressed by [2]:
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2.3. Essential Boundary Conditions

The essential boundary conditions of thick plates associated
with the free and clamped outer edges can be defined as:

Free (simply supported) edges: wo|,, o,q6=0 10
Fixed (clamped) edges:
Wolatedage:O thatedage:O Wnlatedagezo 1)

where y; and y, are rotations with respect to the axes of

perpendicular to the tangent and normal direction to the
boundary, respectively.

3. Shape function with radial point interpolation
method

The major drawback of polynomial interpolation method
(PIM) is the singularity of moment matrix in some cases [2].
To create a nonsingular moment matrix, the Radial basis
function (RBF) is used to develop the RPIM shape functions
[2,5]. Consider a function u(x) defined in the problem domain
Q. The RPIM interpolates U (x) using the nodal values at the

nodes located in support domain of a point of interest x, . The

RPIM formulation starts with the following finite series
representation [2]:

h D L ey RT
UMxxg)=) . Rilxy)aitg)=R" alxg) 12)

where n is the number of nodes in the support domain of point
Xq aj(xq)is the coefficient vector and R;(x,y) is the radial

basis functions. These parameters can be expressed as:
R0Q) =l 2 . @) RT=IRY) Rt Y). Ro(x V)]

Ri(x,y):(ri2+czjq = (x—xi)2+(y—yi)2 C=agdc where q=103 ag=1

(13)

(14)

where 1, is the distance between the sampling point x; and
node xq, a. is the dimensionless shape parameter, d is the
characteristic length which is the average nodal spacing for all

the n nodes located in the support domain. The vector that
collects the values of field variables at all the "n” nodes in the

support domain U can be expressed as:
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.
- n
U:{U1 U2 .. Ui\i”:l} :{W(]lu/xlwyl WOLVNQ YYD e WG V/yi‘izl}T (15)

Using Eqg. (12), the coefficient vector can be calculated by:

J:RQaaa:RQIJ (16)

where Rq is the moment matrix of RBF:

Ri(n) Ra(n) A Ry(n)

Re = Ri(2) Ra(r) A Ry(rp)

QT M M O M (17)
Rl(rn) RZ(rn) A Rn(rn) (nxn)

Substituting the Egs. (16) and (17) into Eq. (12), can be written
as:

h T o =
U (xy)=R" (X Y)Ry"U =(x,y)U =@1(x,y) P2(x, D3(X,Y)... @ (x,
) " 4gx2 i Q (U ={e1(xy) @2(xy) @3(xY) n(x P (18)

D(xy)
In which @;(x,y)is the shape function for the i-th node.

Finally, the RPIM shape functions corresponding to transverse
displacement and rotations of the i-th node can be obtained as
follows:

cf)i(x,y) 0 0
Piy)=| 0 Dixxy) 0 (19)
0 0 diy(xy)

where @; is the shape function for w, and @;, , é)i,y are

derivatives of the shape function for the two field variables
wx.wy respectively Substituting the Eq. (19) into Eq. (18), one

can write:

n|diky) 0 0 |[woi
ho 3 —:Z”. .:Z - !
U () =o(x, y)u ;D!l(x,y)m [ 0 ®jx(xy) 0 wa.] (20)

io1| © 0 djyxy ||y

Note; for elimination of shear locking, the shape functions for
the rotations y, and y, are produced from the first-order

derivatives of the shape function used for the transverse
displacement w, [2]. The derivative of shape functions

@; ., @; , are introduced in the Appendix A.

4. EFG method for thick plates with cutout

Consider the domain Q|5 bounded by r=r* vr, vr,
Q-Q0yput owput — U T

where r, denotes the essential boundary and I’y denotes the

traction boundaries. The superscripts (s) and (e) are used to
side and edge surfaces of the traction boundaries (See Fig. 3).
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Fig. 3: Schematic view of thick plate subjected to transverse
loads and thickness h

Although the RPIM shape function has the Kronecker delta
property, for clamed supports, in which the both edge
deflection and edge slopes should be equal to zero, the use of
Lagrange multipliers method is inevitable. The Galerkin weak
form with Lagrange multipliers for constraints is given by [2]:

T \ T
J&((Lduh] D{LdUthQ—J‘(&Jh)Tth—j(riJh)T tedl'[f..‘(iiT[Uh—u]"}dl’— jwh Adr=0 (21)
Q Q I Tu Tu

where b is the vector of external body forces, up is the
prescribed displacement on the essential (displacement)
boundaries 1, and u" is the displacement vector given by

Eq. (20). The last two terms in Eq. (21) are produced by the
method of Lagrange multipliers for handling essential

boundary conditions for cases when U"-up=0. The
Lagrange multipliers A here can be viewed physically as
smart forces that can force U™ —up =0. In Eq. (21), the
compatible strain Lyu" for FSDT and TSDT formulations can
be expressed as:

0 zL 0
x Fl
0 0 z<|.
NN . o Y|diey o o [
Ldu :Ldzd’iUiZZ 0 Z§ ZX 0 j,X(x.Y) 0 “*’Xi :Z(BF)iUi
= = 5 4 0 oj,y(xy) || *yi
i=1 == 1 0 i=1 (22)
=~ 0 1
14ab¥saaa4a 44244444444444443
n
2(Br)
i=1
2
83 [z,ﬂ3jf 0
X2 *
2 \ o5
7113(— 0 {zf;(zsjL .
R 2 ¥ loiy o o |[woi
Ldu'' = E 32 ( 3o 3) o 0 dixxy) 0 WX (=
| Ty R 0 o aiye) i
2|2 2
(022 (0] o (23)
[17/7121% 0 [:,”ZZ]
1440a4444%2a444422a0244240444440244444448

> @)
i=1

n

:Z(BF)iUi

i=1

Note that the second derivatives of shape functions

®; . D yy Diy are introduced in the appendix A. The

i, XK =, yy
Lagrange multiplier vector 1 in Eq. (21) is an unknown
function of the coordinates, which needs also to be treated as
a field variable and interpolated using the nodes on the
essential boundaries to obtain a set of discrete system
equations:
/1(*)=Zﬁi(8)/1i xel (24)

ieS,

where: S, is the set of nodes used for this interpolation
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s is the curvilinear coordinate along the essential boundary
A; Is the Lagrange multiplier at node i on the essential

boundary.
N;(s) is the Lagrange interpolant of order r which can be
given in general as follows:

N{(s) = 15[ (5-51) 25)

i=0 (S —Sj)
izk

The vector of Lagrange multipliers in Eg. (21) can be written
in the matrix form:

Awoi _
A [ = ZNiii (26)

0
0
4 0 0 N; i ies;
4472 4 43 G
N %
Substituting Eqgs. (22) and (23) into Eq. (24), one can write:

T T T
J.{s ZBiUi DZBJ’UJ’ anf.l.,s z(piuil bmfj‘a Zd)iuiJ t€ar .. (27)

O lies, jes, O lies, I, (S,
T

7".&1— E ®jUj |-ur dr- | 4 Zmiui 2dr =0

T, ieS, T, \i€S,

where for FSDT B; =(Bg);, Bj =(Bg); and TSDT B; =(Br);
, Bj=(Br); - Inthe first integral term, we have:

p . y
JJ Zﬁiui dsz:J‘o‘; Zu;rs}r D Zsjuj

N

D Zsju j

Q..

QlieS, | ieSy | aqlieS, | i€Sy |
, v | (28)
J.(»' Zu;re;r DZBjUj dﬂ:zZM;I-J‘B;I-DBjmuj:zzerijuj
Q \ieSn 1 jes, J ieS, jes, Qursss ieS, jes,
ij
— | BTDB.
i - [ B/ DBja0 29)

Q
The stiffness coefficients K;; is listed in the Appendix B.

The second term in Eq. (28) can be expressed as:

T
Is aniui bdQ:ZwiTJ-(qai)T bdQ:Zwini -0 Fo (30)
Q €S, ieS, Quar s ieS,

fi

where f; is called the nodal force vector and Fg, is all of node

force vectors on @ domain. The additional nodal force vector
can be given as:

fi = j(cDa ) tedr (31)
I
Finally:
F = I(@i ) bdQ + I (@; ) tedr 32)
Q I
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Since in this paper the membrane forces are neglected, the
amount of t°

T
J.o Zmiui dr = J.o‘

r, lieS, T,

n nj,t
- Z Zw}reijxj :wTe/

ieS, jes,
Gij :—J.(cbi)TdeF (34)
FU
nA

is zero. The last term in Eq. (21) is:

N
Zmiw ZVJ jr= Z Z J‘\ p|\ N]ur

lieS, | lieSy ieS, jes, Tieirions
o (33)

]

(

)

is the total number of nodes on the essential
boundary and © is also a global matrix formed by assembling

where

its nodal matrix i | Finally:

T

J.n' Z(B)iui DZ(B)J’UJ}QJ‘ |U| bdQ - J. ZI|U| €ar..

ieS 4j ie i
9 444'5444 4ada44448 |Q4 4444444J4444 dhdasahaa 4443

bUKU MTF

gy

ieS,
FU \41444444&44144443

b;T[GTUq‘] NTGA
where the vector % can be expressed as:

—J‘ITIiTul—dl"

Tu (36)
which is:
UT[KU +GA-Fl+aT lGTU 7qJ:0 37)

(35)

Adr =0

Because Y and 94 are arbitrary, the above equation can be
satisfied only if:

o ol ®

This is the final discrete system equation for the entire
problem domain. In Eq. (34), ®; is matrix of RPIM shape

functions, which are defined with respect to the type of
supports as follow (for simply support):

(@ 0 0
®=/0 00 (39)
0 00

For clamped support:

& 0 0
Dj=| 0 Djy 0 (40)
0 0 &,

‘i)i,t :nxd)i,y*nyd)i,x (41)

@; , is shape function of rotation with respect to the

(Di‘n = anDi‘X +nyCl)i’y
where

axis parallel to the normal direction of the boundary and ®;
is shape function rotation with respect to the axis

Numerical Methods in Civil Engineering, 5-4 (2021) 46-59

perpendicular to the normal direction of the boundary. The
parameters n,,n, are the unit outward normal vector on the

boundary.
5. Numerical integration

All integrations are over the global problem domain € and

the global traction boundary Tt In order to evaluate these
global integrals, the problem domain is discretized into a set
of background cells (See Fig. 4). Hence, a global integration
can be expressed as a summation of integrals over these cells.
It should be mentioned that in contrast with the FEM, the
background cells are required only for integration and any
form of cells is acceptable as long as it provides sufficient
accuracy in the integrations [5]. The Gauss quadrature scheme
that is commonly used in the FEM is employed to perform the
integrations numerically over these cells.

Boundary nodes

ooooooooo

---------------------

background cell

Fig. 4: Meshless model for EFG method with background mesh of
cells for integration

6. Numerical experiments and discussions

6.1. Analysis of thick plates without cutout

To validate the proposed method, first a simply supported
square thick plate subjected to the following sinusoidal
distributed load is analyzed using the proposed method.

a(x,y) =do Sir{%jsiﬂ(%j (42)

where gy is the magnitude of the sinusoidal distributed load at

the center of the plate. The mechanical properties of the
material are considered as:
E

2L+v) (43)
The obtained results of maximum transverse displacement and
stress components for different thicknesses are presented and
compared with the exact and other methods in Table 1.
According to this table, obtained results by the presented
method are very close to those of refined theories and exact
solution. The maximum errors of results for all aspect ratios

E=210GPa v=03 G=
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are acceptable. It should be mentioned that in all figures and
tables, the displacements and stresses are presented in the
following non-dimensional forms commonly used in the
literature:

_[ b z) uE | _[a b ZJ 100W.E |
ul0,—,—|= W= | = 7
qhs

ey 3.0.2)- 22 (44)

In this paper for the first time, an estimation function is
suggested for calculating the maximum deflection of simply
supported thick plates under uniform and sinusoidal transverse
loading applied on the top surface of the plate. For this
purpose, the full Quadratic method and Rational method [46-
48] is applied to obtained results. Using this method, the
following equation can be presented to estimate the maximum
deflection of the thick plate with respect to the maximum thin
plate deflection with an acceptable accuracy.

(W sgr-£2 =Ko Wi Jpr (45)

where Wy )cpr i the maximum non-dimensional transverse
displacement equivalent plate based on CPT and K,

coefficient for simply supported plate subjected to sinusoidal
and uniformly distributed load is given by equations (46) and
(47), respectively.

Ky =1357639-181021742¢, —0.0026575, + 45255430{12

+(1.3x107%) 82 +0.000268x, A,

« _ 422278.368 - 789530.91801c + 33797945954
" 1-674715.61849¢, +340387.552843,

(47)

(46)

In equations (46) and (47) «q and p; are aspect ratios defined
by al:% and ﬂlz% In Table 2, error percentages are

calculated using the following equations:

Wi ) ]?SDT—EFG - Valueby exact solution

%Error = SDT-EFG
valuebyexact solution (48)
%Erron (WrspT-£FG )2 - Valuebyexact solution

valueby exact solution
6.2. Analysis of thick plates with cutout

Consider a square plate with different supports, different
thicknesses and circular cutout (Radius =1 m) located in
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arbitrary position subjected to the uniform distributed loading
(See Fig. 5). Nodal distribution is 21x21 regular nodes with
14 nodes around the circular cutout. The results obtained for
transverse displacement of FSDT & TSDT analysis are
showed in Figs. 6-9.

g - Guy=90

w h

a Yoo =90

w o

@ (b)

Fig. 5: Square plate with cutout; (a) Simply Support; (b) Clamped
Support

In all graphs, x. and y, are the coordinates of the cutout center

and the values of %47 are given by:

(W JFSDT-EFG
TSDT-EFG (49)

(Wmax )CPT
where Wiy )cpr IS the maximum non-dimensional transverse

X _Ye
aa ﬂb

displacement equivalent plate based on CPT. In Fig. 6, the
effect of cutout position on transverse displacement obtained
using FSDT theory is examined. Based on these figures it is
possible to determine the best position of circular cutout which
minimizes the maximum deflection. For simply supported
plates, the best position of the cutout is determined as « =0.5
and p=0.9 the value of » is 1.123. In addition, it can be seen
that the maximum value of , occursat « =05 and =06,

which is equal to 1.283. In Fig. 7, the effect of cutout position
on transverse displacement obtained using FSDT theory is
examined. Based on these figures it is possible to determine
the best position of circular cutout, which minimizes the
maximum deflection. For clamped supported plate, the best
position of the cutout is determined as «=0.7 and 3=0.75
the value of y is equal to 1.421. According to the Fig. 8, at
position «=0.5,0.6,08 and 5=0.8, the value of 5 is the
same (y =1.141). In addition, at position «=0.5,0.6,0.7 and
£=0.835, the value of 5 is the same (y=1.132). According
to Fig. 8, the best position of the cutout is determined as
a=0.9 and p=0.6 the value of y isequal to 1.16. According
to Fig. 9, the best position of the cutout is determined as
a=0.7 and B=0.76 the value of y is equal to 1.572.
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Table. 1: Comparison of non-dimensional transverse displacementw , in-plane normal stress O , in-plane

shear stress " and transverse shear stress “*2 of simply supported square plate subjected to sinusoidal
distributed load

‘- a Theory Model w Tx Oz gxy
©) h2) [© | h2)
10 Present TSDT-EFG | 2.9881 | 0.2187 | 0.2547 | —
Ghugal et al. [49] | SSNDT 2.9333 | 0.2125 | 0.2454 | 0.1060
Pagano [50] Exact 2.9425 | 0.1988 | 0.2383 | —
Reddy [42] TSDT 2.9610 | 0.1990 | 0.2380 | 0.1070
Ghugal etal. [49] | 5" OSDT 2.9143 | 0.1996 | 0.2383 | 0.1106
Reissner [43] FSDT 2.9340 | 0.1970 | 0.1690 | 0.1060
Reddy [42] CPT 2.8020 | 0.1970 | — 0.1060
20 Present TSDT-EFG | 2.9402 | 0.2104 | 0.2415 | —
Pagano [50] Exact 2.8377 | 0.1979 | 0.2386 | —
Ghugal et al. [49] | 5" OSDT 2.8303 | 0.1981 | 0.2386 | 0.1074
50 Present TSDT-EFG | 2.8020 | 0.1967 | 0.2312 | —
Ghugal et al. [49] | SSNDT 2.7991 | 0.2100 | 0.2456 | 0.1060
Pagano [50] Exact 2.8082 | 0.1976 | 0.2386 | —
Ghugal et al. [49] | 5" OSDT 2.8070 | 0.1977 | 0.2387 | 0.1066
100 Present TSDT-EFG | 2.7660 | 0.1948 | 0.2310 | —
Ghugal et al. [49] | SSNDT 2.7949 | 0.2099 | 0.2456 | 0.1060
Pagano [50] Exact 2.8040 | 0.1976 | 0.2387 | —
Ghugal etal. [49] | 5" OSDT 2.8037 | 0.1976 | 0.2387 | 0.1064

Table. 2: Kw coefficient for simply supported plate subjected to sinusoidal distributed load

o | B | Kw (Winex JopT Reddy TSDT-EFG | TSDT- Exact

(1990) * EFG** Reddy

Errorl Error2 (1990)

1 10 | 1.0660 | 2.803 2.985 2.988 2.9610
0.83% 0.92%

20 | 1.0460 2.929 2.934 2.8377
3.23% 3.39%

50 | 1.0017 2.805 2.796 2.8082
0.11% 0.11%

100 | 0.9797 2.744 2.757 2.8040
2.16% 1.68%

3 10 | 1.0386 | 9.080 9.407 9.448 9.4790
0.76% 0.33%

20 | 1.0239 9.274 9.188 9.2810
0.07% 1.00%

50 | 0.9956 9.017 9.090 9.1170
1.09% 0.30%

100 | 1.0005 9.061 9.081 9.0810
0.22% 0.00%

*Maximum deflection of a thick plate for simply supported with Estimate function Proposed [(Wrnax o SDT_EFG

** Maximum deflection of a thick plate for simply support present theory Wrspt_grg)2
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Table. 3: Kw coefficient for simply and clamped supported plate with cutout subjected to sinusoidal and uniform distributed load distributed load

K, =& +&0+&f+ é4a2 + ?55[32 + §6a3 + §7B3 + &P+ goazB + ﬁ.oOLBZ

Coefficients
b/h | Type | (Wiacer™ [36] (W o Drsor —vra = Ko (W i Jopr
&1 &2 &3 &a &s &6 &7 &s &o &10
10 -2.3521 | 9.059 | 8.626 | -11.25 | -10.73 | 4.433 | 4.324 -5.8 2.71 2.411 q(x,y)=q
20 -2.4468 | 9.465 | 8.289 | -12.16 | -10.59 | 4.903 | 4.398 | -5.266 | 2.663 | 2.108 ﬁl i l I I T M
FSDT Max
50 -2.4556 | 9.099 | 8.423 | -11.91 | -11.05 | 4.903 | 4.678 | -4.703 | 2.386 | 1.961 ——====
100 441 -2.4276 | 8.842 | 8.462 | -11.68 | -11.23 | 4.847 | 4.787 | -4.418 | 2.236 | 1.893 Cutoutradius=1m
10 -2.3933 | 9.905 | 8.164 | -12.4 | -10.05 | 4.879 | 4.064 | -5.905 | 2.944 | 2.251 Square plate (a=b= 10 m)
All Edge is Simply Support
20 -2.4278 | 9.525 | 8.225 | -12.19 | -10.46 | 4.897 | 4.323 | -5.349 | 2.708 | 2.123 C e e
TSDT Load type is disterbution uniform load(q)
50 -2.4433 | 9.117 | 8.384 | -11.91 | -10.97 | 4.887 | 4.63 | -4.759 | 2.415 | 1.975 a=xJa P=y./b
100 -2.4331 | 8.967 | 8.383 | -11.84 | -11.11 | 4.908 | 4.738 | -4.45 2.28 1.876
10 -3.3884 | 12.26 | 11.78 | -19.29 | -18.88 | 9.254 | 9.496 | 0.552 | 0.486 | -0.442 q(x,¥)=q0
20 -1.811 | 7.627 | 7.13 | -14.49 | -13.88 | 7.681 | 7.522 | 4.949 | -1.56 | -1.807 l l 1 l
FSDT Ll Twae |
50 -0.8824 | 4.97 | 4.802 | -12.06 | -11.87 | 6.971 | 6.863 | 8.02 | -2.878 | -2.762 —_---zZ
100 L -0.6612 | 4.303 | 4.327 | -11.42 | -11.48 | 6.74 | 6.742 | 8.708 | -3115 | -3 Cutout radius —1m
10 -3.9902 | 14.06 | 13.54 | -21.12 | -20.75 | 9.845 | 10.22 | -1.101 | 1.254 | 0.068 Square plate (a=b =10 m)
All Edge is Clamped Support
20 -2.1129 | 8.509 | 7.962 | -15.37 | -14.72 | 7.959 | 7.829 | 4.054 | -1.154 | -1.525 .o . .
TSDT Load type is disterbution uniform load(qy)
50 -0.9867 | 5.274 | 5.044 | -12.32 | -12.05 | 7.043 | 6.915 | 7.644 | -2.72 | -2.649 a=x/a B=y,/b
100 -0.7028 | 4.49 | 4.355 | -11.65 | -11.49 | 6.836 | 6.745 | 8.616 | -3.075 | -2.978
10 -1.8408 | 7.624 | 7.03 | -8.798 | -8.056 | 3.296 | 3.107 | -5.75 | 2.561 | 2.198
20 -1.8048 | 7.704 | 6.502 | -9.504 | -7.905 | 3.745 | 3.224 | -4.747 | 2.327 | 1.766
FSDT 2.803
50 -1.7282 | 7.138 | 6.486 | -9.129 | -8.294 | 3.726 | 3.497 | -3.911 | 1.935 | 1.548
100 -1.6891 | 6.891 | 6.475 | -8.945 | -8.436 | 3.704 | 3.594 | -3.565 | 1.76 1.465
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10 -1.7536 | 7.744 | 6.467 | -9.666 | -7.933 | 3.864 | 3.245 | -4.089 | 1.991 | 1.512 q(x.y)=qu sin(mx/a) sin(my/b)
20 -1.493 | 6.885 | 5.838 | -9.029 | -7.617 | 3.724 | 3.235 | -3.171 | 1.672 | 1.246 HHH _ “H
w’\lw\
50 -1.3767 | 6.405 | 5.505 | -8.685 | -7.479 | 3.677 | 3.271 | -2.489 | 1.402 | 1.008 [ R
TSDT Cutout radius =lm
Square plate (a=b=10m)
All Edge is Simply Support
100 -1.3587 | 6.316 | 5.4 | -8.684 | -7.457 | 3.716 | 3.304 | -2.193 | 1.29 | 0.89 Load type is disterbution Sinusoidal load
q0.sin(px/a) sin(py/b)
a=x/a P=y./b
10 -4.3529 | 15.79 | 15.56 | -23.81 | -23.78 | 11.55 | 11.7 0 0 0
20 -25878 | 10.56 | 10.05 | -18.55 | -17.96 | 9.731 | 9.598 | 5.025 | -1.796 | -2.045 AUn,y)y=qp sin(mx/a) sin(ry/b)
FSDT
50 -1.1033 | 6.353 | 6.518 | -15.09 | -15.41 | 8.855 | 8.973 | 105 | -4.03 | -3.798 lHHH HH |
100 -0.7662 | 5.312 | 5.84 | -14.08 | -14.89 | 8.483 | 8.823 | 11.52 | -4.371 | -4.151 § F==Ees
0.628 Cutout radius =1m
10 45301 | 16.74 | 16.46 | -25.12 | -25.11 | 1213 | 12.31 | 0 0 0 Square plate ( a = b = 10 m)
20 3122 | 12.04 | 11.41 | -19.83 | -19.09 | 10.08 | 9.939 | 3.24 | -1.055 | -1.468 All Edge is Clapmed Support
TSDT Load type is disterbution Sinusoidal load
50 -1.2675 | 6.837 | 6.878 | -15.47 | -15.63 | 8.949 | 9.01 | 9.849 | -3.765 | -3.596 q0.sin(px/a) sin(py/b)
100 -0.8209 | 5.509 | 5.924 | -14.32 | -14.98 | 8.597 | 8.859 | 11.43 | -4.356 | -4.114 a=xda p=y./b
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Fig. 6: Relation of a, B, y- simply supported Plate subjected to
uniform distributed load ratio - b/h=10 (FSDT)
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Fig. 7: Relation of a, B, y- clamped supported Plate subjected to
uniform distributed load ratio - b/h=10 (FSDT)

1.16 1.18 12 122 124 ! 1.26 128 13 1.32 134

a5 — = g=0.6 —e—g-)] —d—ge0f —E—a=09

56

Numerical Methods in Civil Engineering, 5-4 (2021) 46-59

Fig. 8: Relation of a, B, y - simply supported Plate subjected to
uniform distributed load ratio - b/h=10 (TSDT)

a=08 =08 @07 a-bb @05

P
[ I~ o . *

€ECC- TSDT - Uniform Load - a/be1 b/h=10 R=1

=08

a=05 = = =06 —®—a=07 —4—a=08 —W—a=09

Fig. 9: Relation of a, B, y - clamped supported Plate subjected
to uniform distributed load ratio - b/h=10 (TSDT)

Here again, a new relation has been proposed to determine
transverse displacement of plates with cutout based on FSDT
& TSDT theories. The estimation function obtained by the full
cubic method, is the same as introduced in Eq. (45) except that

the Kw coefficient for a simply supported thick plate with
cutout subjected to uniform and sinusoidal distributed
loadings are defined by:

Ky =& +&a+ &P+ E0%+ &P+ & + &

+ Egafi+ Gga B+ S (50)

where SERSTY are constant values which are different for
uniform and sinusoidal loading and listed in the Table 3.

W FSDT-EFG — W, FSDT-EFG
b pror-gre Wnmieprge

AverageError=
Winex Jopr

where [(Wmax)PnggI:EFFg is the maximum deflection of the

thick plate obtained by the proposed estimation function. The
diagrams of obtained results by FSDT and TSDT theory are
compared with the results of estimation functions in Figs. 10
and 11, respectively. According to these figures, it can be seen
that the estimation functions have a good agreement with the
numerical results.
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Present FSDT

Fig. 10: Comparison between the estimation function and FSDT res
ults for simply supported plate subjected to uniform load and b/h=1
0

Present TSDT i

Estimation Function

0.55
06 ges 07
075 g
Xc/a ©0.85

116 118 120 122 124 126 128 130 132

Fig. 11: Comparison between the estimation function and TSDT res
ults for simply supported plate subjected to uniform load and b/h=1
0

7. Conclusions

In this paper, the EFG method has been developed for analysis
of thick plates with and without cutout. The formulations have
been tested for different supports, aspect ratios and cutout
coordinates. According to the results obtained by the present
method, the full cubic function is proposed to estimate the
maximum deflection of thick plates. The obtained results have
been compared with published solutions and excellent
agreement is seen. The main results of this paper can be
outlined as follows:

e By choosing the appropriate shape functions for the
deflection and rotations, the presented EFG method has
successfully overcome the shear-locking problem.

e The proposed model is insensitive to node distribution in
two directions. Additionally, the nodes can be either
regularly or irregularly distributed. It should be mentioned
that, using irregularly distributed nodes is unavoidable for
modeling of plates with cutout.

e Based on obtained results and cubic polynomial method,
the estimation functions for predicting maximum
deflection of plates with and without cutout have been
presented.

Numerical Methods in Civil Engineering, 5-4 (2021) 46-59

e For various boundary conditions and loadings, the
obtained results using the presented EFG method and
estimation functions have a good agreement with those
obtained by refined theories and exact solution.

The effect of cutout position on maximum deflection has bee

n investigated using various diagrams and tables. The best po

sition of circular cutout, in which the deflection is minimum,

is determined experimentally.
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Appendix A: Stiffness Coefficients
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