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Abstract:

Bending responses are the important characteristics of structures. In this paper, the bending
solution of the thin and thick beams which are elastically restrained against rotation and
translation are presented using various theories. Hence, accurate and direct modeling
technique is offered for modeling of the thin and thick beams. The effect of the values of the
span-to-depth ratio and type of the beam supports are assessed to state accurate comparison of
various theories. Finally, the numerical examples are shown in order to present the evaluation
of the efficiency and simplicity of the various theories. The results of the theories are compared
with the results of the finite element method (ABAQUS). Based on the results, using the
Timoshenko beam theory, the obtained values are in good agreement with the Finite Element
modeling for the values of the span-to-depth ratio (L/h) less than 3. On the other hands, due to
ignoring the shear deformation effect, the Euler—Bernoulli theory underestimates the deflection

Span-to-depth ratio.

of the moderately deep beams (L/h=5).

1. Introduction

Beams are widely used as classical structural components
in structural engineering applications. Owing to their practical
importance, much effort has been devoted to the static and
dynamic analysis of these structural components. Hence, the
beam theory has been and is still a subject which has been
extensively studied for a century. In the theory of beams, two
different limit cases are usually considered: the Euler-
Bernoulli beam theory and the Timoshenko beam theory. In
the context of the beam theory, the simplest one is the Euler-
Bernoulli (classical thin) beam theory (EBT) which overlooks
the shear deformation in the beam thickness. Therefore, the
shear strains and the shear stresses are eliminated from this
theory. However, the thick and the moderately thick beams
are characterized by the non-negligible shear deformations in
the thickness since the longitudinal elastic modulus is much
higher than the shear and the transversal module. Hence, the
use of a shear deformation beam theory is recommended. The
Timoshenko model is known as first-order shear deformation
theory (FSDT) and accounts for the shear deformation in
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thickness in the simplest way (Timoshenko, 1921) [1]. This
model provides satisfactory results for a wide class of
structural problems, including the moderately thick beam.
Moreover, it is used in the large-scale computations typical of
the industrial applications due to its computational efficiency.
A beam is typically considered to be thin when the ratio of its
thickness to length is 1/20 or less. In fact, some of the beams
used in the practical applications satisfy this criterion. Thus,
this usually permits the use of classical thin beam theory to
obtain the beam behavior with good accuracy. However, the
structural behavior determined by thin beam theory will not
be accurate for the beam with a thickness ratio of 1/20. These
inaccuracies are largely eliminated by use of the FSDT, as it
does include the effects of the additional beam flexibility due
to the shear deformation, and the additional beam inertia due
to the rotations (supplementing the translational inertia). Both
effects decrease the natural frequency and increase the
deflection and the critical buckling load of the beam. On the
other hand, there are still other effects not accounted for by
the FSDT (e.g., the warping of the normals to the mid-plane,
the stretching in the thickness direction), but these are
typically unimportant mainly for the vibration, bending, and
buckling problems up until the very thick beams are
encountered.
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Therefore, a three-dimensional analysis should be used for
the very thick beams. The third-order shear deformation
theory (TSDT) is proposed for the beams with rectangular
cross-section by Wang et al. (2000) [2]. The parabolic
distribution of the transverse shear stress and strain with
respect to the thickness coordinate are assumed in the TSDT.
On the other hands, the zero transverse shear stress condition
of the upper and lower fibers of the cross section is satisfied
without a shear correction factor in the TSDT (Simsek and
Kocaturk, 2007) [3]. Ghugal and Sharma (2009) applied the
hyperbolic shear deformation theory for the static and
dynamic analysis of the thick beam [4]. The parabolic,
trigonometric, hyperbolic and exponential functions are used
in terms of thickness to represent the effect of the transverse
shear deformation by Sayyad (2011) [5]. Sayyad and Ghugal
(2011) [6] developed new hyperbolic shear deformation
theory for the thick beam flexure, in which combined effect
of the shear and the bending rotations is considered. The new
Trigonometric shear deformation theory is developed for the
bending of the thick beam by Naik et al. (2012) [7]. Three
models for a cantilever beam based on the Euler—Bernoulli,
Timoshenko and two-dimensional elasticity is presented by
Labuschagne et al. (2009) [8]. The results showed that the
Timoshenko beam theory is close to the two-dimensional
theory for modes of practical importance, whereas, the
applicability of the Euler—Bernoulli beam theory is limited.
Yavari et al. (2000) presented some applications of the
distribution theory of Schwarz to the beam bending problems
[9]. The steady-state response of the quadratic nonlinear
oscillator under the weak and the strong external excitations
is offered by Jiang et al. (2015) [10]. The Lindstedt-Poincare
method, the multiple-scale method, the averaging method,
and the harmonic balance method is applied for the analytical
approximations of the amplitude frequency response. The
single variable beam theories taking into account effect of
transverse shear deformation for the buckling, bending and
free vibration analysis of the thick beam are presented by
Sayyad and Ghugal (2016) [11]. Also, Thai and Vo (2012)
developed the various higher order shear deformation beam
theories for the free vibration and bending of functionally
graded beams [12]. A new trigonometric shear deformation
theory for the composite sandwich and the laminated plates
is developed by Mantari et al. (2012) [13]. Solutions for the
free vibration of beams with solid and thin-walled cross-
sections are supplied using the refined theories based on the
displacement variables by Dan et al. (2016) [14]. Petrolo et
al. (2016) presented the free vibration analysis of the
damaged beams by means of the 1D (beam) advanced finite
element models [15]. Also, Cinefra et al. (2017) presented

the best theory diagrams (BTDs) for multilayered plates
involved in multi-field problems [16]. A thin-walled beam
with a varying quadrilateral cross-section is formulated
based on the higher order beam theory by Choi et al. (2017)
[17]. Wang (1995) offered the deflection and the stress
resultants of the Timoshenko beam in terms of the Euler-
Bernoulli beam solutions [18]. The transverse vibration of a
Timoshenko beam with the one-step change in cross-section
subjected to an axial force is developed by Janevski et al.
(2014) [19]. In the present study, the bending solution using
analytical method is introduced for the analysis of the Euler—
Bernoulli and the Timoshenko beams with arbitrary
boundary conditions. Furthermore, the analysis for the
Euler—Bernoulli and Timoshenko beams are written in a
general form. In general, the main objective of this paper is
to state the accuracy of various theories for analysis of the
beam with the various span-to-depth ratio (L/h). For this
purpose, numerical examples are presented in order to
evaluate the efficiency and simplicity of the various theories.
Furthermore, the results of the theories are compared with
the results of the finite element method (ABAQUS).

This paper is organized as follows. Section 2 and 3 outline
the basic equations in detail for arbitrary boundary
conditions, based on the Euler—Bernoulli beam and the
Timoshenko beam theories. Susequently, relationships
between the Euler-Bernoulli beam and the Timoshenko
beam are presented in section 4, wheras, section 5 presents
some numerical examples to illustrate the efficiency of the
various methods. Finally, in section 6, conclusions are
drawn, briefly.

2. Euler-Bernoulli Beam Theory

The simplest beam theory is known as the Euler-Bernoulli
beam theory (EBT) or simply the classical beam theory
(CBT). The EBT is based on the following assumptions
known as the Euler-Bernoulli assumptions (Carrera et. al.,
2011) [20]:

e The cross-sections of the beam do not deform in a
significant manner under the application of transverse
or axial loads and can be assumed as rigid

e During deformation, the cross section of the beam is
assumed to remain planar and normal to the deformed
axis of the beam.

These assumptions have been confirmed on a large scale for
slender beams made of isotropic materials with solid cross-
sections. These assumptions allow to describe the plate
deformation in terms of certain displacement quantities. A
beam element with length dx between two cross-sections
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taken normal to the deflected axis of the beam is shown in
Fig. 1 (Reddy, 1993) [21]. The first Euler-Bernoulli
assumption requires that the displacement field be a linear
function of the thickness coordinate z:

u(x,z)=u,+z-F(x) (1)

W(X,2) =W, +2-F,(X) 2)

where (uo; Wo; F1; F2) are functions to be determined such
that, the remaining two assumptions of the Euler-Bernoulli
hypothesis are satisfied. The inextensibility assumption
requires that

ow

—=0 - F, =0 for all x 3
pe 2 (3)

where w is independent of z, i.e., w = wg(X). On the other
hand, Euler-Bernoulli assumption requires that

u_oaw oW

== =0 4
oz ox YA @
u-zdw
dx
4
//
_dw
Undeformed edge g | &
z
Deformed edg::
Fig.1: The coordinate system and notation for the
Euler-Bernoulli beam
Hence, the displacement field (1-2) takes the form
W
u(x,z)=u,—z-—- 5
(x,2) =U, o ©)
W(X, Z) = W, (X) (6)

Thus, the Euler-Bernoulli beam deformation is
completely determined by the functions (uo; wo), which
denote the displacements of a point on the mid-plane along
the two coordinate directions. Note that the displacement
field (5-6) will result, in spite of neglecting all transverse
strains and this will be presented in the following pages of
the paper. According to the Euler-Bernoulli beam theory, the

governing differential equation for the considered beam can
be given by:

d? d’w*
—— | EI =

where WE is the transverse displacement of the mid-surface
of the beam in the z-direction and q presents the external load
on the beam which is an arbitrary function of coordinate x.
In addition, | and E are the second moment of area and
Young’s modulus of elasticity, respectively. The superscript
E denotes the Euler-Bernoulli beam quantities. Based on
Hooke’s law and the Euler-Bernoulli’s assumptions, the
bending moment-—displacement and the shear force-
displacement relations are given by:

d?wE
ME =—EI 8
dx? ®
d d?wE
veE=_2lE 9
dx( dx’ J ®)

Thin beam bending solutions can be obtained by solving
the foregoing governing equation together with the natural
boundary conditions.

Although the classical fourth-order beam theory of Euler-
Bernoulli, has been a very useful engineering approximation,
it has some drawbacks. This theory neglects the shear
deformations, and as a result, it underestimates deflections
and overestimates stresses.

3. Timoshenko Beam Theory

Over the years, researchers have tried to modify the
classical beam theory to relax its restrictions. Several
alternative beam theories have appeared in the literature,
among which those of Timoshenko’s is the most well
known .The theory is based on the following assumptions:

e The cross-section is rigid and constant
throughout the length of the beam and has one
plane of symmetry

e Shear deformations of the cross-section of the
beam are taken into account while the elastic
axial deformations are ignored

A Timoshenko beam element with length dx between two
cross-sections taken normal to the deflected axis of the beam
is shown in Fig. 2. According to the first-order shear
deformation theory, the displacement field is a linear
function of the thickness coordinate z:

u(x,z) =uy +z-¢,(x) (10)
W(X,2) = Wy +Z- ¢, (X) (11)
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where (uo; Wo; F1; F2) are functions to be determined such
that the remaining two assumptions of the Timoshenko
hypothesis are satisfied. The inextensibility assumption
requires that:

ow

—=0 - ¢,=0 for all x (12)
oz

Thus, w is independent of z, i.e., w = wg(x). Timoshenko
assumption requires that

Yoy > b=y (13)

oz
Finally, the displacement fields are given by

u(x,2) =y~ 2-y(x) (14)
W(X, 2) = Wy (X) (15)
Thus, the Timoshenko beam deformation is completely

determined by the functions (uo; wg), which denote the
displacements of a point on the mid-

\
4

Undeformed edge

Deformed edge

Fig.2: The coordinate system and notation for the
Timoshenko beam
plane along the two coordinate directions. According to the
Timoshenko beam theory, the governing differential
equation for the considered beam can be given by:

d? dy’
— | El—|= 16
dxz[ dxj a (16)
dw’ 1 d dy’

=y-———| El—/—
x| kAG dx( dx ] (17

where W' s the transverse displacement of the mid-
surface of the Timoshenko beam in the z direction. In
addition, El, A, G and ¥ are, the flexural rigidity of the
beam, the cross-sectional area of the beam, shear modulus,
and the sectional shear coefficient, respectively. The
superscript T denotes the Timoshenko beam quantities.
Based on Hooke’s law and the Timoshenko’s assumptions,

the bending moment-displacement and the shear force—
displacement relations are given by:

MT =—El dy (18)
dx
dw’
VT = —«kAG| v — 1
(\v ™ J (29)

Therefore, the Timoshenko beam bending solutions can
be obtained by solving the foregoing governing equation
together with the natural boundary conditions.

4. Bending Relationships between Euler-Bernoulli
and Timoshenko Beams

In this paper, a uniform beam is assumed which is
partially restrained against translation and rotation at its
ends. The translational restraint is characterized by the spring
constant Ky, at one end and Kyr at the other end. The
rotational restraint is characterized by the spring constants
Kre at one end and Krr at the other end, as shown in Fig. 3.
Based on the concept of load equivalence for both kinds of
beams, it can be deduced that the following equilibrium
equations are as follows:

e @)
dx

dv

a 21
- (21)
< TTT K
a%?h_/ﬂ/(T]-}T\\ S

% \\l\\K_F /l‘ [‘ ‘\\\.\//‘ j 2

I

A
\

K

TL

AA A

VAl
VY

\

A/
§ A A

Fig. 3: The beam with general boundary conditions

Substituting Egs. (9) and (20) into Eq. (21), the governing
differential equation for the Euler-Bernoulli beam can be
given as follows [18]:

d*wf  d’w"
~F = a (22)

In addition, by substituting Egs. (18) and (19) into Egs.
(20) and (21), the governing differential equation for the
Timoshenko beam can be given by:
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dw’ d?
dy d?w'
KAG[d_\:(/ TG J ~4 (24)

By differentiating Eq. (23) with respect to x and using
Egs. (24) and (18), the following result is obtained:

d’y  d*MT

—El
dx® dx?

—-q (25)

The general solution of the differential Eq. (25)
considering Eq. (22) can be stated as:

E 2
\I!:ddLXJrClX?JFCzXJrCs (26)

On the other hands, it is clear:

MT =ME —EI(Cx+C,) 27)
VT =VE_EIC, (28)
E 2
w' :WE+M—+C1 xX_El
KAG 6 KxAG

X2
+C2?+CQ,X+C4

(29)
In this paper, the general boundary conditions associated

with the beam theory are given below (Ghannadiasl and
Mofid, 2015) [22]:

V(0) =K w(0) (30)
M(0) = K, 6(0) (31)
V(L) = Kp(L) (32)
M(L) = -K.6(L) (33)

Furthermore, the bending solution for the Timoshenko
beam that is obtained by the above procedure has a general
form. By moving the spring constants of the rotational and
translational restraint to extreme values (zero and/or
infinity), a suitable function can be attained for the desired
combinations of end boundary conditions (i.e. simply
supported, clamped and free boundary conditions). For
example, the displacement of the uniform Timoshenko beam
under the uniform distributed load which is partially
restrained against translation and rotation at its ends (Kzg =
Ky, = Kg and Krg = Ky, = K7) is given below:

W= Mo, Ldg X[l_XJ
2K, 2K, L

[12 x(L-x) 21 J

+ +
KAG El 2El + LK

(34)

The Timoshenko beam theory is equivalent to the Euler-
Bernoulli theory when _E! <<1- The displacement function
KAG

for a uniform Euler-Bernoulli and Timoshenko beams with
the classical end conditions are listed in Table 1. The
displacement function for a uniform Euler-Bernoulli and
Timoshenko beams with restrained against translation and
rotation at its ends are cited in the Appendix.

5. Numerical Results

In this section, the results of different examples are
presented to illustrate the accuracy of the presented theories.
The uniform beam with four different boundary conditions
at its ends, i.e. simply supported, free, sliding and clamped,
are considered. The uniform beam is supposed with the
following characteristics:

L=6m b=0.35m

h:( 11111 1 1)
'2'3'5'8'10'20° 30

v=0.2 xk=1.224

q =50000 kN/m E =2x10"Pa

where q is the external uniform distributed load on the
beam. In addition, L, b, h, v, k and E are, the length of the
beam, the width of the beam, the total depth of the beam, the
Poisson's ratio, the sectional shear coefficient, and Young’s
modulus of elasticity, respectively. Figs. 4-8 compare the
values of the deflection of the beam using the Euler—
Bernoulli and Timoshenko theories along with the Finite
Element (FE) modeling that is carried out using the
ABAQUS software package [23]. It can be observed that the
values obtained using the Timoshenko beam theory are in
good agreement with the Finite Element modeling for all
values of the span-to-depth ratio (L/h). Due to ignoring the
shear deformation effect, Euler—Bernoulli  theory
underestimates the deflection of the moderately deep beams
(L/h=5). To clearly demonstrate the span-to-depth ratio
effectiveness in the accuracy of the theories, a theory
performance index is defined as:

R_II_E _ <WX0 >Timoshenko case <WX0 >Euler-BernouIIicase ‘ %100 (35)

()
0 / Timoshenkocase
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REE _ <W><o >FiniteEIementcase B <WX0 >Euler-Bem0uIIicase ‘ %100 (36)

)
%o / Finite Elementi case

<WX > o —<W > )
RFE _ 0 / FiniteElement case %o / Timoshenko case
=

‘ x100  (37)

)
%o / FiniteElement case

where <W denotes the value of the

Xo >Euler-Bern0uIIi case

maximum displacement of the Euler-Bernoulli theory in X,

, <WX > _ denotes the maximum value of the
0 /Timoshenko case

displacement of the Timoshenko theory in X,, and

<WX > o presents the maximum value of the
0 / Finite Elementcase

displacement of the Finite Element (FE) modelling in X;.

To illustrate the theory performance index on the bending
response of beams under uniform load, the theory

performance indexes are presented in Table 2. It is observed
that the beam theory can be considered as the classical beam
theory when the length to thickness ratio are greater than 20.
From Table 2, it illustrates that in the Timoshenko beam
theory with simply supported, fixed— free, and fixed - sliding
boundary conditions, the theory performance index for
L/h=3 are 0.79, 1.81 and 2.54, respectively. Table 2 clearly
presents that the classical beam theory is almost the same as
the Timoshenko beam theory when the thickness to length
ratio reaches the limit of 1/20. Also, it can be seen that, by
increasing the thickness to length ratio about L/h=2, the

RTFE will reduce the accuracy of the Timoshenko beam

theory. On the other hand, the results indicate the significant
effect of the boundary conditions, not only on the beam
response, but also on the theory performance. Comparing the
results of the clamped— simply supported beam and the
clamped — clamped beam show that the effect of the support
is more significant.

Table. 1: The displacement function for the uniform Euler-Bernoulli and Timoshenko beam with classical end conditions

End boundary conditions

Euler-Bernoulli beam

Timoshenko beam

Pined-pinned wE = %(Le’ —21x? 4 %) w' :gﬁlZEl + oz(L2 +Lx— xz))
Fixed-fixed wE = %X (L-x)? w = E(lZEI +ax(L—x))
24El A
) i E_ OpX ) T Vi 72E1 P22 (L - X)L+ 2x) +
Pinned-fixed w- = YT (L - x) (L + 2x) w! o= _(_)21 T [GHEI (5L2 L Xz)
2
Fixed-free wE =%(6L2—4Lx+x2) w' :q—;(HE'(ZL—X)Jr“X(GLZ —4|—X+X2))
Fixed-sliding wE =ﬁ(—2L+x)2 w =% (2L - x)12E1 + ax(2L - x))
24EI A
o =GAk B=agx(L—x) A =24EIGAK
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Fig. 4: The deflection of the simply supported - simply supported beam under uniform distributed load
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Fig. 5: The deflection of the fixed-fixed beam under uniform distributed load
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Fig. 6: The deflection of the simply supported-fixed beam under uniform distributed load
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Fig. 7: The deflection of the fixed-free beam under uniform distributed load
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Table 2: The theory performance index on the bending response of beams with classical end conditions under uniform load

Boundary Theory
conditions  Peformance  L/h=1  L/h=2  L/h=3 L/h=5 L/h=8 L/h=10 L/h=20 L/h=30
index
simply RE 61.07 2813  14.84 5.90 2.39 1.54 0.39 0.17
s”gﬁ;’;ﬂ?" REE 7099 3258 1551 891 213 341 516 474
supported RF® 25.48 6.19 0.79 3.19 4.63 5.03 5.57 4.93
RE 88.69  66.23 4657 2388  10.92 7.27 1.92 0.86
2;‘(?3 REE 9244 7231 5275 3286  10.13 4.96 2.94 4.54
RfE 33.19 18.03 1157 1179 0.89 2.50 4.95 5.45
simply RE 8153 5336 3392  15.66 6.78 4.45 1.15 0.51
supported REF 8552  60.02 3923  16.50 421 0.81 4.12 5.09
e RFF 2160  14.28 8.04 1.00 2.75 3.80 5.33 5.64
Rf 3953  14.04 6.77 2.55 1.01 0.65 0.16 0.07
ﬁ;(ree‘:' RFE 4598 1513 508 103 331 385 458 472
RFF 10.67 1.27 1.81 3.67 4.37 4,53 4.75 4.80
RE 66.23  32.89  17.89 7.27 2.97 1.92 0.49 0.22
:'I’I‘;f:]g REE 7253 3833  19.98 5.48 0.76 2.32 4.48 4.89
RFF 18.66 8.11 2.54 1.93 3.85 4.33 4.99 5.11

Also, the influence of the spring support on the

theory performance index ( RTE) is evaluated. For this

purpose, the beam is assumed with spring supports, K
and Kg. The stiffness of the spring is taken as having
the same values at both of the supports of the beam.
The beam characteristics are as follows:

L=6m b=0.35m
KTL:KTR:K
Ka =Kgr =K

h:( lllliiiii)
'2'3'5'8'10'15'20° 2530
v=0.2 k=1.224
q =50000 kN/m E =2x10"Pa

To illustrate the theory performance index on the
bending response of beam with spring supports under
uniform load, the theory performance index is
presented in Table 3.

It is observed that the beam with spring supports
can be considered as clamped at both ends when the
values of K;/EI and Ky/EI are greater than 1000.

From Table 3, it illustrates that in the beam with % =

50 and % = 500, the theory performance indices are
10.83 and 10.91 for L/h=8, respectively. Table 3
clearly presents that the values of the theory
performance indices are almost the same when the
rotational springs’ stiffness is larger than 500EI.
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Table 3: The theory performance index ( RTE) on the bending response of beams with spring supports under uniform load

L/h=1 L/mh=2 L/h=3 LMh=5 Lh=8 Lh=10 L/h=15 L/h=20 L/Mh=25 L/h=30
5EI 87.97  64.65 4484 2264 1026  6.82 3.15 1.80 1.16 0.81
10El 8829 6534 4559 2317 1054  7.01 3.24 1.85 1.19 0.83
25EI 8852 6585 4614 2357 1075  7.16 3.31 1.89 1.22 0.85
S0EI 8860 66.03 4635 2372 10.83  7.21 3.34 1.91 1.23 0.86
100EI  88.65 66.13 4646 2380 1087  7.24 3.35 1.91 1.23 0.86
S00EI  88.68 6621 4654 2386 1091  7.27 3.37 1.92 124 086
1000EI  88.69 6622 4655 2387 1091  7.27 3.37 1.92 124 086
5000EI 88.69 6622 4656 2388 1092  7.27 3.37 1.92 124 086
10000EI 88.69 6622 4656 2388 1092  7.27 3.37 1.92 124 086
0 88.60  66.23 4657 23.88 1092  7.27 3.37 1.92 124 086

6. Conclusion

In this paper, the bending solution of the thin and thick
beams elastically restrained against rotation and translation
using various theories is presented. An accurate and direct
modeling technique is introduced for modeling beam with
arbitrary boundary conditions. Some numerical examples
are shown in order to present the efficiency and simplicity
of the various theories. Also, the results of the various beam
theories are compared with the results of the finite element
method (ABAQUS). Based on the results, the classical beam
theory is almost the same as the Timoshenko beam theory
when the thickness to length ratio reaches the limit of 1/20.
Also, it can be seen that by increasing the thickness to length

ratio about L/h=2, the RTF ® will reduce the accuracy of the

Timoshenko beam theory. On the other hand, the results
indicate the significant effect of the boundary conditions, not
only on the beam response, but also on the theory
performance. Comparing the results of the clamped— simply
supported beam and the clamped — clamped beam show that
the effect of the support is more significant.
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Appendix:

A. Euler-Bernoulli beam with restrained against
translation and rotation at its ends:

WE = 2Elq (TlAl +KrAs +8('°€ + 2‘1('—"‘ X)A7)KRT)
(411(21”IKLT A+ (_4E|A9 + AiO)KRT ))

B. Timoshenko beam with restrained against translation
and rotation at its ends:

W =—2EI (no(4nalKeg + A+ Ay, + 210 A Ay )
4710‘(A23 + (A24)+ Kir AZS)KRT

where
a=GAx B =ax(L—x)
A=24EIGAx  n=6El §=(L-x)
A= (_ AnlKee + XK 1 Ay _5(A3 + AA)KRT)
A, = (272 + (8L — 4LX + X°* K o)
A, =2 (- 27+ X(12 + Lx=x* K s )
A, = 5(- (8L + 2%+ X2 )+ Px(L+ 2X)K 11 K ne
A = (25 a7 (B1 + LK e 2K 1 (B1 (612 = 4Lx+ X2 )+ L(= 2L+ X Ky )

A, = XK (7L +4EIX + L(— L+ X)K g )

= (B1(6L2 = X2 )+ LS(L + X)K g )

A,
A, =(EIK g + K (E1 + LK)

A, = (“3EIK g + 2K 1 (3E1 + LK g )

Ao = K (27(E1 + LKpg )~ K 5 (41 + LK)

Ay = XK 1 (- 2701 — (= 2L+ X)A, K )

A, = (27 +al-42 - 2Lx+ x?))

A = (=20 + x(27+ a2 + Lx=x? K 1 )

Ay = ((red=20(L+x)+ a= 3% + x4 3L+ X )+ Ag K g Kir
A = L(72(E1 P2 (L= XYL+ 2X)+ nafBL? + Lx—x? K 1
A = (27(2L - x)+ ax(6L> — 4Lx+x?))

A, =2nal (2L - x)+ (27 + a(2L - x)x)

A = 2E1(72(E1 ¥ +a?(BL—2x)x + na(BL2 + Lx—x?))
A = L2+t |25+ (L — x)x)

Ay = 4nal(El + LK )—(L—x)L +x)

Ay = (E1(27+ (5% =X )+ L(27 + ae(L = XYL+ X))K g JK ey
A =01 g A i (L2E1 Ay~ K LIL (A A K
Ay, =2n0K 1 (EIK g + K (EI + LK g )

Ay, = 4E1 (3E1 oK o — LK 1 (3E1 o+ (3E1 +o1? K g )

s = (2na(El + LKeg - LK+ (4E1 (BE1 + ot ?)+ L(297 + 012 K5 )
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